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Supplement to the Linear Algebra

1) EIxtension of multilinear functions.

Let the Ei be vector-spaces over a field k; 1let f
be a rultilinear maoping of T E into a vector-space Fs
Let A be an algebra over k . T;en f can be canm=-
ically éxtended to a mapplng fA (also denoted simply by f)
o T (4 a E,) into A& @ F, by putting

fA<O(1 2 Xseen X2 x ) = (X 1 ®%,)
| f(xl,..,?xn),
for o, € A, % & By .

N.B., If L 1is a vector-space over Kk , one can
give; to the tensor-product A 8 E, not only the left-
A-module structure defined in Alg. Chape III, but a séructure
of A-bimodule, by putting Al x 8 x) =
(AX) & x, (X 2 x)u =(0Cu) 2 x

by b one will frequently denote this bimodule (rather

(A)’
than the left-module, as in Chap. III), If f 1is a

bilinear mapping of & ¢ E!' into F , fA is an A-bilinear

mapping (left-linear on E(P)’ right-lineaf on E’(A)) of

t

X &t into the bimodule F .

(A) (a) (4)

2) Theory of polinomial algebras.

The theory of Grassmann algebras (Chap.III), and of
polynomials (Chap. IV), have to be ccmbined together as
follows,

Let E be a vector-space over a fleld k 3 1let <



2
be an involutory automornhism of T (i.e. 0 = I, with I

the identity automorphism of I ; if the characteristic

of k is 2, we assume G~ = I). Then E decomposes into

LV

a direct sum of subspaces T 3

if x £ E(u),xo— = (-0Y

= 0, 1, such that,
Xs There is, then, one
and (up to isomorphism) only one algebra P = P(L, & ) over

k, containing E and ge?e§ated by E ( and by a unit-
0
el?m§nt l)ﬁ, such that E is in the center of P and that
1) 2
(E ) =0, and such that, if A 4is another algebra with

these same properties , the identical automorpnism of E

can be extended to a €e§resentation of P on A  If the
0

X‘ are a basls for D » P can also be described as the

tensor-product of the algebra of (ordinary) polwnomials in

(1)

the X, , and of the Crassmann algebra over & e If(es)
(0)
is the union of a basis for E and of a basis for
(1)
E , then P has a basis consisting of monomials in the
e = e
A

Usually, I 1is given as the direct sum of vector-
spaces (T, ) s

2 ‘9 €1
into two disjoint sets J, J' (either of which may be empty)

and there is a partition I = J4w J!

so that, for x € E , X7 = E,x 5 Wwith 61 = +1 for

1
1€ J 5 &, =-1 for + &£ J's Then P 1is made

into a nultigraded algebra by i1ts decomposition into the direct

gsum of the subspaces P( respectively generated by the
- (n )
. ¢ ;
monomials X X ...X , where each x is an element of sqme
12 N - i
E , and, for each 3} , exactly n of the x are in

1 3

1



B L This will frecguently be made into a sraded algebra by
defining, for cach { , thc elements of E% to be of degree

02 _ s Where eg i1s an intcger » 0; then the degree of the

elements of P( ) is T n, e, ;3 the most usual case
n [ ' e ‘
is that in vhich‘all e are >0, £ = (-1) * ., g,

{

for cach N > 0, the direct sum of those EZ for which

e, £ N is of finite dimcnsion (which implics that each
E is of finite di:ension, and that I is finite or

countably infinitc). Then that is so, we also dencte the
algcbra P(L, o ) by P(E2 s Sy )e In particular, P(E,1)

is the CGrassman algcbra over E , with the usual grading; if

cach E is of dimension 1 end generatecd by an clement
2 2 (&
X, , then P(EZ »2) is the glgebra of (ordinary) poly-

nomials in the X : with twice the usual grading; etc,
Let f Dbe a k-lincar mapping of E 1into an algebra
A (with 1) over k , such that, for all'x(€3 E(O) 2 £(x) is
in the center of 4 , and, for all x € E . , f(x) =0,
then f can be extended, in one and only one way, to a
representation of P into A3y for p € P, the image of p

8

]

}.J-

in th eprescntation will be denoted by p(f); in particular,

1dentical outomorphism . of E , p(I) = p.

b

i is th

{2

]

n

: ~ (0)
or u, v heomogencous of degrecs p, g3 and f maps E
(0)
nto the subspace A of A gcneratcd br the ¢lemcnts of
(1) (1)

even degrec, and E into the subspace A of A

I
Usually A will be a graded algebra, satisfying uv = (-1) wvu
f

o

generated by the elements of odd degree. In particular, for
P = P(52 5 ee_), f will usually be a "homogencous” mapping,



isee,. for cach l » Oone has a linear manping f, of E1

i

into the subspacec A of' elements of degree e of A,

B ¢
and f 1s the mapping of I wh.ch induces fz on E? for

each 2 3y then, for p(f), we also write p(f R
In particular, the automorphisr g of E can

"

thus be exztended to an sutomor phisn Pp— ple* ) of

P(E, 5 ); P decomposes into a direct sum of subspaces
(of - (1) -
P g P » consisting of the clements p € P such that

ple* ) = p and plo>) = -p, rcspectively; if P is graded
) )

by taking elements of s B to bc of degrees 0, 1

rcspectively, then P g & are the subspaccs gencrated

by the elements of even and of odd degree, respcctively; the

seme assertion holés for the graded algebra P(T L s O Ve

H
[®]
F\
lav)

—
b -

~
-

By inducticn on thc degree, one sces that, i
P<V) s With Al 5 Y =?<)3r'- 1 , then

¥ 0
pg = (—l)%‘ gp; in particular, P is contained in the

q €

center of P , and is a commutative subalgebra of P .
lore generally, for cvory graded algcbra A sotis-

mn '
fying uwv = (~1) wvu for u, v homogcneous of degrecs m, n

we dcefine an automorphism, usually denoted by o by
2 o o s U

~

putting u = (-1) u for wu of degrec m . Then a
mepping £ of L into & will be cxtendable to a represent-

o

- s 4 » * o
ation of P =P(Z, 9 ) into A whenever 2(x% ) = £(x)

.
Let E Dbe thc dircct sum of I and of =2 spacc D!
ilsomorphic to E 3 let f be the identical automorphism of

L, ' an lsomorphism of L onto L', and define o on L!
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-1 -
as fleog e f''' , and on E so0 a2s to induce ,g‘ on E
S

2

and on L' , Then the algebra P = P(E, ) ig canon-
ically isomorphic to the "skow-tensor-product" of P =
P(L,67) and P' = P(£',6”) ; P' is isomorphic to P ; we

have three representaticns of P into P, viz.

Pep P =p(f), p—3p' =p(f'), and p 3 B = p(f + '),
If k 4is of characteristic O , it can be shown that
p =p + p' if and only if p € L(the "if% is obvicusly always
true).

Let E be graded by teking elcements of E  and
E' %o be of degrecs 0, 1 rcepectively ; then the de-
ccmposition of D into its homogencous components is the
Taylor formula for the algcbra P e WE sball cqnsider only

the components of dcgrecs 0, 1 ; the former is p 3 call

the latter ﬁ; P « The subsnpacc Pl of ¢lements of P of

degree 1 1is cenonically isomorphic to E DB P, henee Lo

E =PBE; p—p ADp is 2 mapping of P into that
(P) |

space, which sctisfies Zh;(pq) = (/X plg + pl a)
(where nul

tiplication is undcrstood in the sense of tho

isomerphism (e of E =PRBE onte P is given by
(P) 1
¥ 'or peP, x€ E, and is richt-P-

ut not left-P-linear; morc prccisely, this mapping
(0)

pace PR E s and left-semilinear
of the subspace P B L in the sense that {€ {q(p Bx)t=
% = - : &
b 2
o> ¢ (p B x); henee, if Zﬁz>p, /\ p arec the componcnts of
: 1

-1
Ce (A p) in those two spaccs, we have 4f&c>(pq) =



-G

(Aop)q + q( A\ o P A a) = (N pa 7 (A 140
1 1
For x € L, wo have A\ =z = x',
Let now £ be o k-lincar mapping of E into P

‘ v -
fring (x”) = (-lz o(x)" , vith ¥ = 0 or 1; in
E

’

[N
n

sat 5
0) (1) (o)
other words, f mnaps L J pcetively into P p
(1) (1) )
P if YW=0, and into P , P if YW =1, Ve

extend £ to a rig ping F of P into P

[y
ct
i
d
]
H
I.J u
3
e
i
B
)

3

by putting F(x'p) = f(x)p, sand put D =FPs A . Then D

ig a k-lincar mapping of P into P , satisfying
Dx = f(x) for €L , ande

(1) D
D(p”) = (—15’) (op)* .

whence, -using (1), onc concludcs by inducticn on thc derree
roding off P in which all clements of E are of
degrcc . 1) that D, = 0 ., Therefore the most gencral D satis-
fring (1) is ¢f the form D =F o /A . Usually P will

bc defined as P = P(E, ,¢, ) , and f 1is "homogecneous™ of

i
8 certain degrec d (which may be > 0, 0 or < 0); i.c.
cne gives, for cach ! , & k-=lincar mapping f2 of L,

into thc subspace of eclcménts of P of degree e, * o -

1

is cguch that Dp 1is of degrece m + d

ct
g
(@)
o]
o
b
D
O
e
(6
k3
€3
ct
O
=
!

when p 1is of degrec m 3 and % = 4 (mod.2).

H
o
o
o
o
(’\
£
b

3 o gy T e ¢ o P
ndororphism of P, satisfying (1);

{1
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let D' satisfy (1) with 9)' instcad of 3 , Then

D" =DD' - (-1)° U'D satisfics (1) with Y% =

Y + ' instced of 2/ . In particular, if D, D!

5

inducc lincear forms on L, i.c. if they map E into

(1)

k = Ik, (‘-2’112;.011 implics thet L is O on E it 2 =0,
O "
and on E if ¥ =1, and similarly for DL'), then
DD' and D'D are O on Z , hence D" =0, i.e,
: 2 D’ - o L,
DD' = (-1) L'D, Furthermore, if D satisfies (1)

2 ;
with 2/ =1, then D S2tisfies (1) with 22 = 0t it follows

that, for such a D, D*

is O cocn P provided it is O on E .
Endomorphisms D of P, satisfying (1), will be

called derivations; a derivation is even or odd according

—

2
as ) =0 or 13 an odd derivation D such that D =0

[

will be called a differentiation; a Cifferential P -algebra

£

is one on which one has given a differentiat

c
',. o
o]
B
Py
:1
=,
s
|.,Jn
o
£
I,_ln
[¥5]
ot
j
o)
o1

o

part of the structure).
Wie now confine ourselves to the special P-algebras,

of the form P = P(Z_, e, ), where e; > 0, the Ei are of

finite dimension, and thcse for which e, < n are in finite
number; P geing graded by defining the elements of E;y to be
of degree ey the subspace Pn of elements of degree n 1s
of finite dimensicn, &and P_ =k = k.,1. For finite-dimensional
vector-spaces L, ¥, we frequently identify{(when no misunder-
standing is likely) the four spaces E R F, F B E,
)

£ (g1, F), F£(F, B), vhere B', F!' are the duals of

E, ¥; in particular, the identical automorphism of L is to

be identified with the corresponding element of E B E!



(or of E* @ L), wh.ch is called the 5@ -element of

- T - . i ¥ s a
LB LYy, or S, or simply S’ (sincé its components,
E
for any choice of dual bases in L, L', are é; )e UWe shall
only consider homogenecus derivaticns D on P, of a certain

degree d (D 1is even or odd according as d 1is even or

odd); such a D 1is defined by giving its value on Ei’ which
is a linear manping of L, into P or an element of

i 81‘*‘(1
P B E' (where E! is the dual of E.), or, as we also
¢y + d i o

4 <
say (by abuse of language) an element of P B E! of degree
‘ <

e, + d
i ®
It 1s also convenient to express this by the follow-
ing notaticn. Let first L, F be arbitrary, as above; 1let
f be a linear mapping of L into F, i.,e. £ € _Zi(EhEﬁ;

s

let f' be the tensor-product of [ and of the identical
B! being a linear mapning of

automorphism of

O
AL into P BTy if § is th S -element of
ERIY, £'(§7 ) is then the element of F ¥ E' which corresponds

to f in the canonical isomorphism between éi;(E,F) and
Fpn e,

How let D be a derivation on P; we extend this
canonically to P R H = H(P ¢ for any vector-space H over
=

)
k, by defining L(p B u) Lp) Bufor p €P, u € H( in

o)

other words, we arree to denote again by D the tensor-
product of D wlith the identical automorphism of I}, This
aphlies in particular to P B E‘i; as Lk, C P, we have

i
, so that the é? - element é“ , of

E,. BE! C PR D! .
1 i 1 =
B, B L cean be considered as an element of PR L' , and, with



-0-

the above convention, D( S i) 1s defined, is an element of
PR E! » and is no other than the element of P X E. which
i ei+d i
corresponds, in the canonical l1somorphism between this and
?i;(Ei, Pei+d ), to the element Di of the latter space which
is the mapping induced by D on Ei. This shows that D is ccm-
pletely defined if, for each i, the element D( éd-) of PR E;
i

is given, as an element of degree e, +d if D is to be of

fte

degree d. Also, D will be a Gifferentiation if and only if d

0]

1s odd and D [ D ( § )] = 0 for all i.
i 1
Finally, D being extended as above, and rmultilinear

fanctions being extended as explained in 1), the fermula (1)

can be generalized thus: 1let f be a multilinear mapping of

jo!
TTO M, into N, where the H_and N are wvector -spaces over
i=1 1% 1
k. Then, if u, € P ¥ M for each i, we have
i i
n o7 oY
Dffu_, u, «ou, u ) = g ~ f(u s seopy W,
1=l .
Dua,u -.-,u)c
i i+l =

Em)

nxampless differential algebras associated with a Lie

algebra. The best known of these is the "algebra of cochains®.
Let A be a Lie algebra (of finite dimension over k). Ve take

P =P(A', 1), i.e., the Grassmann algebra over the dual vector-
space to A; Wie can extend the bilinear mapping (x, y) ——>

X, vi of A A into A to a mapping of A A into A .

Thus, 1f X denotes the § -element of A' B A ¢ P B A = Aipys
X, X] will be an element of A of degree 2, Ye define a

(p)’



derivation D, eof degree 1, in P, by D(X) = c[X, %], with any
¢ € k. This is a differentiation; for D°(X) = co([[X, X], X] +
5, [X, %1105 but X = ~X; also, from the definition of

the extension of the multilinear function [[x, ¥],z] to A(P)’
and the Jacobi identity, one verifies immediately that [Ex; x];xj
= 0 (the latter relation is, in fact, equivalent to the Jacobi
identity, once one assumes that [x, y] is alternating and that
the characteristic of k is # 2). Thus P = P(A', 1), with the
differentiation D, becomes a differential P-algebra, the algebra

of cochains of A (for c # 0; usually one takes ¢ = + 178] .

Similerly, teke two spaces A! , A' , isomorphic to A';

!
R 2

consider the algebra P = P(A' , 1; Aé, 2). When A' is
1

identified with Ai by means of the given isomorphism, the

-~element of A' B A becomes an elenment Xl of A' ® A; let X
1

be similarly defined as an element of Aé B A; for 1 =1, 25 X,
: i

is an element of degree

. l..lu

of PB A, Then put D(.) =X -
1 2

y .1, D(Xz) = 2c[X _, % J]; this is a derivation of degree

c[x
1
t 1s a differentiation, &as can be verified by using the

-}
[av]
—

S

13

[
jen

entities [X_, X ] =0, [[xl, xlj, xgj = 2[[xl, xg], X1]‘

his differential P-algebra is called the universal algebra of

=

A. The definition of D showé that the ideal generated by the
elements of Aé is a homogenecous differential ideal I; therefore
the quotient-algebra P/I is a graded differential algebra,
isomorphic with the algebra of cochains of A. Usually c = 1/2.

Note on the extension cf multilinear functions by means

of P-algebrast 1let P be any P-algebra, decomposed as before

by means of the automorphism o7 ; let E, F



bg vector-spaces over k, and f a bilinear mapping of E X E into
P, either symmetric or alternating, so that f(x, y) =

(-1)7 =, y),'apd f(x, x) = 0 for SA = 1 then; if each one
of the elements u, v is either in.P<O) % E or in P(1) @ E;

we have f(u, v) =% f(v, u) (with a suitable sign); if f is
symmetric and u is in P(l) @ E, or if f is alternating and u

is in P(0) g E, then f(u, u) = 0, Furthermore, let k be of

characteristic 0; let T be a multilinear mapping of E? into

[}
F; let £ , fl be the symmetric resp. alternating mapping of
o _

n . . —— . 2 . .
E” into F obtained from f by symmetrization resp. antisymmetri-

()

zation. Then, if u € P B E, we have f(u, u, «.., u) =

1/nt £y, (o, u, «e., uwl,
It is also useful to make the following remark in which,
in orcer to simplify notations, we confine ourseclves to the case

cf an algebra P = P(El, 1z Ez, 2); the extension to any algebra

P(E , ei) will be obvious (at least provided the Ei are in finite

number). Let X , for 1 =1, 2, be the § -element of B! ®E .
- 1

1

Consider the bigrading on P for which the elements of El’ E2

are of bidegree (1, 0) and (0, 1), respectively; let P  be the
mn

subspace of P consisting of the elements of bidegree (m, n).

o~

Then, if f is any multilinesr form on (E!) X (EI)™, £(X_, ..

: 2 1
rey X3 X, wes, X ) is an element of P, and every elemont
1 2 P . mn

of P can be so written. Naturally., such an f is nothing else

mn _

m n

than an element of ( 8 E ) & ( 8 £}, and the mapping f —~—>

. 1 P :
Fle & grss Xg) is nothing but the rastrictiorn, to the latter

1

3

Sensor-product, of the canonical homomorphism of the tensor-algebra

of the direct sum El + E2 onto P by which the latter is defined.
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But the notation f(Xl, ceey Xz), to denote an arbitrary element

of P , is particularly convenient in all calculations involv-
mn

ing diffcrentiations in P. Furthermare, if the characteristic
of k is O, then every clement of P can be written in one and
mn
cnly one way as £f(X_, «es, X 3 X, ¢se, X ), where £ is a multi-
1 1 -2 2

linear form on (Ei)m X (Eé)n , altecrnating with respect to

the first m variables (those in Ei), and symmetric with respect
to the last n variables (those in E;)o If £ is such a form,

and D is a derivation on P, we have

DI (X cosy X 3 X ceey, X ) = m.L(DX cee, X 3 X -
2 3 2 2, 2 2 l, 3 1’ 2)

-
=

' D n VE | | @ l'\r 4 "'
e s -/{-2) *+ ("l) nof ( 1, eocuw g X_2 DX A s cezg sz).,

a useful explicit formula for the extension to P of a derivation

which is

()

~iven on El and E .

2
Duality of P-alpebras. Take P = P(E,, e ); let E° De
w e & i
5 o . w* S 3%
the dual space to E, 3 put P* = P(E. , e,). For each x" &
i i P
i e x ) =D be the derivation on P which induces on
E, let D( .
1 X‘«»‘
E the linesr form < X', X > , and is O on E_ for all j # i;
i j .
this is a derivaticn of degree ~e, on P. It has been proved
1
- . - - . % é_ ﬂ.x‘ o _"_’:" - 'E‘—/: I P 9 = 2 $ - ‘)
above that, if x E, and J ¢ B, (with i =Jori 3 s
i
- .x‘ 3% S € K4 -)\‘- - £ © .
then D(x”")D(y") = (-1) 17J.D(y")D(x"), and that

¥\ 2 . - . ' . *
D(x*)® =0 if e, =1 (mod. 2). Thsrefore the mappings X ==—->

1l

D(x™) of the E into the algebra of endomorphisms of the

o 3 pe

vector—space P can be extended to a reprssentation p -~>

+

D/p") =D _, of the algebra P° into ths algebra of endomorphisms
p C4) .
of P. The algebra P” will also be called the dual algebra to
P; if p* € P" , p € P, we also write DU* (p) =2 _Jop,
&
and call it the interior product of p” and p; this

................................................................................. e e P A Rt e AP O -2 S M B A ilr o ey e W EE Y &3 § 48 AT EXBE
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LY

operation defines P as a P"-mocdule; by definition, we have

Do ® Dy = Dp* o0 teee, D0 1 (@7 ] D) = (0" q¥) ] p. 1If

p € P is hom ncous. of degree n, and p’ € P 1is homogeneous

S,

ale
o

%
o

of degrece m, then p _J] p is homogeneous of degree n-m, hence

als
PXY

)

is O for m >ne. If P, P are the spaces of elements of
: n

n
degrec n in P, P" (with P

Al
ot
%

, P identified with k as usual),

o
then, fer p* € P ; D induces on P a linear form, Let
n p-)(- n .

(a A‘) be the union of bases for all the E_, so that there

obib ( ) )
is a partition (L of L such that (a s a basis for
ts e partition (L) X xner

i, let (a® be the dual ba31s to (a_ )

Ei for each i; le ( 2 )RQLW. 2 se Ly
for E; we can take for Pn o a Pasis consisting of monomials

2%
S

= M ) 1 1 d for P a basis consgisting of
bp hg (a‘k’ in the a o , %n N g

a2

the corresponding monomials b% =]ﬂ? (a _h) in tne:ak s« Then it
is easily seen that b; A bee =0 Ffor @ # G and that
N 4&;’ nh .
3 o * }\ . - 2 & 1
b@___l b@_ls equal to E (nA;) if b;\} T.Xa>\ (as usual,
0 f = 1), It foilows from this that, if k is of characteristic

0 or if all e, are odd (P being, in the latter case, isomorphic
T - ‘ " #*

to a Grassmann algebra), the bilinear form <p , P > =D P

'

ats
=8

defines P and P ss the dual spaces to each other, and that
n

Y3
w

the rcbresentation p" we=>D  is then faithful. In that case,
' p” % % % %

we have, by the above formulas, < p q ,p>=<Dp, a _1p>

for p% £ P% ; q* ' P . p € P, which shows that

m T i mrI

XS

Py

Yod

(00!
@

W

3 3 e par T atA A T ™ ne
bras and arbitrary cheracteristlic, sinss P and e need

a5t then be dual to each other).

As before, let, for each i, Ei be the direct sum of.Ei

and of a vector-space E; isomorphic to E; for each i, let T,

NESEIIIIINII
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.

be the identical automorphism of E , and £t a fixed isomorphism
i i ~
of E onto E! Put P = P(E,. , e ), = P(Et, e, ), P =
i -4 & 1 L 1
P(Ei, ei)° Then for p € P, we have again the three repre-
sentations p ==>p = p(f_ ), p ==> p! p(f1)y p =—>p =
. i
p(fi ft) of P into P, Furthermore, we can define an isomor-
i
phism F of the vector-space P2 P onto P by putting F(p & q) =

pq§ if we

of the graded algebra P with

put on P 8 P the structure of

itself, then F

the "skew-tensor-product”

is an isomorphism

’

3
i

ot
kXS
b

of the algebra P & P onto ?5_ Let PI" | P* ., F be similarly
dofined from P¥ = P(E. , e.)}s Then, for p & P , T € P“ .
" i L m

e
b

%
“

o ol s
p € P i 7O have F (p & a”) qJ p = (p*¢™) 1 »p
(proof: tﬂke bawcs as before, and prove thc formula for
monomials), hence, for characteristic 0 (or for Grassmann

algcbras of arbitrary cha»

\b
5

M
i

& q),

R
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oKL

F(p p >

Taylor's formula for the P-algebra

-

nomial algebra, written elther as

<P(Ei’ 2) with all the E; of dimen

for polynomials follows from

that the multiplice

transpose of the representation D

(for characteristic O or Gra

4

of this is Hopfis (generalized:

sSsmerl

thecrenm. wnizh we sha

the fundamental formule
« This is essentially
P (for an ordinary poly-

P

P(E, 2) or as
sion

Taylor's formula

Tt also shows

% (D
&
B
®
Uz

state here (proof in letters to H.C.; 3,0:49 and 11.8,49)¢
Let A be a normal graded s.gechbra cver 2 field k ( this means
that a) the subspace A of elemornts of degrce n  1is of

s1ttstt0t108tt1
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finite dimension for all n > 03 )

Xy = (-1)mnyx for

x € by, Y€ A, ;c) Ao consists of the scalar multiples

of the unit-elemcnt 1 of A , and

Let & Dbe the skew-tensor-product

graded algebra defined by defining
m+n for x € Ay, y €A, and oy

(-1)™%(

representation of A into K (for their structure as graded

algebras, i,e. f(x) 1is homogeneous of degreec n for x & A ),

Vs
oW

is identified with k).

LR A (i,e. it is the normal

X 8y to be of degree

putting (x 8 y), (x' 2 y')
xx!') 8 (yy') for x'& A, , V€ Ap). Let £ be a

n

KA
5e

Let A be the direct sum of the duais A  +o the A = as

E (space of elements of I of degree
n s

é
n n

ny is the direct sum of

the spaces A & A |, for O f i f n, we can wdentlfy the dual

\ 1 n-li
K of K ith the dircct sum of the
n n 5 < ¢ arn
for x* € Ai .y € AT . X 2

other words, 67 is defwned by the c
= <x, F(z,y)> whenevo

. r
=; . s g She ‘;—, Fe)
Jcié Am%n , and may be called the U

Assume now that A 1s made into a a0

”
w a2
ey A ™ X
A @ ., So thash,
e k. k:
a. el
az
N

v Cefines a linear form

N

elemcnt of A defined by
n .

y ) > forx & A ; in

n N

%
v

\"

ale

L
v

ondition that < £(x), x 2y >

e
55

SL S
ey s

rx < A € Af 3
m
enanossd mapping to .f.’3

rmal gradcd algebra by

i

a2 . L .
L B 7 Sl

. 5 v . . JE P A R T L ¢
taking as multiplication (x 2 ¥, el F T fo(i = T

(shis being extended by linzarnuty Lc
this includes the assumption thaib th

which is dual to the basis-clcwentw

&
7

n A ), Then, if k is of charactor.
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e
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more precisely, let I be the subspac

elements x such that f(x) =x 8 1 +
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oments of A

all ¢

- - ~

4’3

e pasisz-~clcoment of

~

for A  1s the unit-zclement

o .
(&4

0, A is a P-algebra;

1
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¢ o7 4 consisting of all

‘

& x 5 let (e ) be the
-
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sequence of all the distinct values of n for which E M Ky # iOR , and put

E, = E f\Aeig then we have A = P(Ei,ei), and, with the above multiplication-
3 .},’:- 4 7—1’:(‘ o P . o] . LR

law, A" = P(E;, e;), with Ej the dual space to E;; also, if X is ident-

ified with the space P(E;, e;), where for each i Ei is the direct sum

of Ei and of a space E; isomorphic to By then the mapping f is the same

as the mapping p —> p = p(fi + f; ) defined above, If we call !"Hopf
algebras" the normal graded algebras satisfying the conditions of our theorem,
it is therefore seen that, for characteristic O, the theory of Hopf algebras
is identical with the theory of P-algebras. The importance of Hopf algebras
is partly due to the fact that the cohomology algebra of a compact connected
Lie group (over any field of coefficients) is a Hopf algebra of finite dimen-
sion; in particular, for a field of characteristic O, it is therefore a P-
algebra P(Ei, ei), where all the e; are odd (hence isomorphic to the Grass-
mann algebra over the direch sum of the Ei)r As has been shown, P-algebras
over fields of characteristic # O have some unplzacant features (P
to Pn, etc,), so that possioly Hopf algebras might give, for characteristic
# 0, a more satisfactory analogue of tha P-algsbras of characteristic O than

the P-algebras themselves,
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