PUBLICATIONS
MATHEMATIQUES

D’ORSAY

N2 7773

NORMS OF EXPONENTIAL SUMS

S. K. Pichorides

Université de Paris-Sud
Département de Mathématique

Bat. 425
91405 ORSAY France



PUBLICATIONS

MATHEMATIQUES

D’ORSAY

N° 77-73

NORMS OF EXPONENTIAL SUMS

S. K. Pichorides

Université de Paris-Sud
Département de Mathématique

Bat. 425
91405 ORSAY France



PREFACE

The "raison d'étre" of these notes is to present in a unified form that part of the
theory of exponential sums which is related to the conjecture of Littlewood, i. e. the
problem of finding lower bounds for Hexp(inix) Foot exp(ian)! ’1 y Ny, ..., Ny distinct
integers, depending only on N. (The promissed second volume of l 14 } would contain a
chapter tréating similar matters, but it has not appeared yet).

Except for theorems (3.4), (5.2) and formula (2. 17), which as far as the author
knows have not appeared before in the literature, all the other results can be found in
the references given in the bibliography.

After the brief introductory chapter I we devote chapters II and III to the study
of the 1P , p=1, andthe L1 Norms of exponential sums. Chapter IV contains some
results concerning the minimum of real exponential sums and some special exponential sums
are examined in the last Chapter V.

The author would like to express histhanks to the members of "L.' équipe d'analyse
harmonique" of the Department of Mathematics of the "Université de Paris Sud, Centre
d'Orsay" and in particular to J.-P. Kahane, Y. Meyer, A. Tonge and N. Varopoulos for
their helpful comments and encouragement. He would also like to thank Mme Dumas who

typed (avec beaucoup de gentillesse) these notes.

October 1976

Université de Paris Sud
Centre Scientifique d'Orsay
Mathématiques, bat. 425
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NOTATIONS

Throughout these notes :

(i) We shall use the same letter C for all positive absolute constants that we

encounter

(ii) Integrals without limits of integration will always be understood to be taken over

. , - 27
[0,2'5’]’ with respect to the normalized Lebesgue measure ( J e = 21-1—7 j S
; o

(iii).-If f is an integrable 2w -periodic~function then fim), m integer, will

2m .
denote its m'th Fourier coefficient (= 21—7-7 J £(t) g imt dt).
)

(iv) For any 2w-periodic measurable function el b’ p2 1  will denote its p~th

norm (= {211-’ j%‘ Fi !p}‘;/p)’

o

(v) Unless otherwise specified, Ny, Ny on Oy will denote distinct positive integers.
In chapter II
(vi) All unspecified summationswill be understood to be extended over the set of all

suffices whose sum is zero (Za_b_ ...= z a_ b ...).
r s ros
r+s+. . .=0



I. EXPONENTIAL SUMS IN HARMONIC ANALYSIS AND NUMBER THEORY

In this introductory chapter we give some examples of important theorems in Harmo-
nic analysis and Number theory which are equivalent io theorems about exponential sums.

1. INTRODUCTION. "Exponential sums" are defined as finite sums £ of distinct integral
powers of the exponential function exp(ix) :
N

(1.1) f(x)= T exp(inx), n,, ..., distinct integers, x real.
e k 1 N

There are properties of exponential sums which are shared by larger classes of
trigonometric polynomials. Such classes of trigonometric polynomials are those with (i)
non-negative coefficients, (ii) coefficients of abs‘o}.ute value. 1, (iii) coefficients of absolute
value not less than 1 and others. Thus for instance theorem II 3.5, which is one of our
main results, holds good for the class (iii).

Our main interest in these notes will be to find estimates of the various LP norms
of exponential sums depending only on the number of summands N. This will be done in
the chapters which follow (I - V),

In the following sectiongwe cite very briefly some important application in which
different estimates, e. g. local estimates of the modulus of exponential sums, play a

predominant role.

2. EXPONENTIAL SUMS IN HARMONIC ANALYSIS.

The exponential sums are special trigonometric polynomials, namely those with



coefficients 0 and 1 only. The last statement can be written as
N 2 ~
(1.2) {t)} =)
Here and in the sequel g(m) means the mth Fourier coefficient of g.
(1.2) implies f*f=f i.e., as we usually say, f is "idempotent". The convolu-

tion" fx g is defined by

.1297 1
(1.3) () =5 |t ebet)et, fgeLlo, 2m).
O

Using the Riemann—Lébesgue lemma (f € L1(O,27r) implies f(n) » 0) we can easily
see that conversely : "Idempotent functions in L1(O,277) are exponential sums',
At this point we mention an interesting theorem of Helson ( [1-9-__! ) characterizing the

class of "infinite" exponential sums

oo
z exp(inkx), e <n_

<n o <n, < ..., integers, as the class of idempotent
Kk=-00

1 1

measures m on [:0 , 277] (i.e. m«m=m) if and only if the sequence {nk} coin-
cides, except for at most a finite number of indices, with an arithmetic progression.

The theorem of Helson provides an example of the occurence of exponential sums in
Harmonic Analysis. More important examples are related to the special exponential sum,

usually referred to as the "Dirichlet kernel",

N
(1.4) DN(X) = 2 exp(ikx).
k=-N
The importance of DN is due to the well-known formula
(1.5) SN(X) = (DN * £)(x)

where SN is the N-th partial sum of the Fourier series of f.

One of the main problems in harmonic analysis, raised by Luzin in 1916 and solved



by Carleson in 1966, was that of the almost everywhere convergence of Fourier series of
square integrable functions. A few years before Carleson's affirmative answer to this
question ( [1_] ) A. Calderon proved ( Etoj , XIH, 1.22) that the almost everywhere conver-

gence of Fourier series in L2 is equivalent to the uniform boundedness of the integral

2 27
(1.6) Jo Jo Prnte, N ax ey

for all positive integral valued step functions N(x), i.e. a property of the special
exponential sum (1.4). Carleson's proof follows quite different lines, and a later proof by
C. Fefferman ( EO] ) although closer to the above mentioned approach cannot be considered
as a direct proof of the uniform boundedness of (1.6) (needless to say that such a direct

proof would be quite wellcome.)

3. EXPONENTIAL SUMS IN NUMBER THEORY.

Exponential sums play a very important role in other branches of mathematics and
in particular in number theory. In principle this is not surprising, since an exponential sum
is completely determined by a set of integers {nk} . Thus, some statements about sets of
integers (in particular the "additive" propefties of such sequences) can be translated into
statements about exponential sums and then proved by analytical methods. In general these
analytical methods belong to harmonic analysis or analytic function theory.

We give now an important theorem in number theory whose proof is based on properties
of a special exponential sum.

In 1937 1. Vinogradov proved that all sufficiently large odd integers can be represen-

ted as sumfof three primes ( the question of whether or not all (sufficiently) large even



integers can be represented as sums of two primes, the so-called Goldbach conjecture, is
still open).
Let n be an odd integer and consider the exponential sum

(1.7) flx)= 2 exp(ipx).
: p<n,p prime
A\

The coetficient f3 (n) of X in f:3 (x), as can easily be seen, equals the
number of representations of n as a sum of three primes. It follows that Vinogradov's

theorem is equivalent to the assertion :
A
(1.8) £(n) = o J‘zwa(t) et gt > 0,
o

n sufficiently large odd integer, that is to a property of the special exponential sum (1.7).
(1.8) has been deduced from the fact (loosely speaking) that the exponential sum (1.7) is
"sufficiently smaller than n" in absolute value (n being a trivial estimate) except for those
x which are "sufficiently close" to rationals with "small" denominators (see [-9] for the
complete proof).

The theorems of Carleson and Vinogradov are two of the most difficult ones in harmo-
nic analysis and number theory, and as we saw they are equivalent to properties of some
special exponential sums. One is tempted to say : "innocent-looking" properties, but our

experience up to now has shown that it was only after a good deal of ingenious work that we

were able to handle them directly or indirectly,



. LP NORMS.

In this chapter we examine the LP norms, 1< p<e, ofexponential sums.
The main resultf is a theorem due to Gabriel which generalizes a previous one of Hardy
and Littlewood on the rearrangement of Fourier coefficients.

1. INTRODUCTION.
Lp norms are convenient measures of the average size of functions. For a

27 -periodic (measurable) function f they are defined by

e bl - { [lioo P} ”®, >0
HfHeo = ess s;tp lf(x) 1 .

Here and in the sequel we adopt the convention : if there are no limits of integration

1 2m

' the symbol J(.) will mean - (.)dx.
o

Estimates of the average size of our object of investigation, i. e. exponential sums,
are not only of interest in themselves but they also provide the key to the solution of some
problems, Here is a classical example.

Let f(t) = sgn DN(t) , Where D_ is the Dirichlet kernel defined in the previous

N

chapter. If the Nth partial sum of the Fourier series of an integrable function g is denoted

b 5 then we have :
Y ®N,g



(2.2) S, 40 = Iyl
As we shall see in the next chapter the second member of (2.2) is of the order of

log N, as N » @, and so we conclude : "The partial sums of the Fourier series of functions

bounded by 1 can be as large as we please’.
The same example and standard arguments of harmonic analysis show the "existence

| of a continuous function whose Fourier series diverges at a given point". ( Etol , VI, 1.1).
In the present chapter we examine 1P norms with p>1. Thecase p=1 will

be examined in chapter III.
Of particular importance are estimates depending only on the number N of summands.

For the L2 and the L norm of the exponential sum f£(x) = exp(in1x) SR exp(ian)

we have

(2.3) lll, =n"72,  Jill, <.
We do not have such simple formulae for the other norms, but in the special case of

an even exponent we have the exact estimate :

(2.4) ”I; exp(in X)H. SH§ exp(iKX)H ’
k=1 kK2a T 2q

Nys ooy Ny distinct integers, g=1, 2,...
It is not hard to obtain explicit estimates of the second member of (2.4) and we shall
do it later. Since the second member of (2.4) does not change when we replace the exponentials

exp(ikx) by exp{i(ak—x—b)x}, a, b integers, we can restate (2.4) as follows :

"The qu , aq=1,2, ..., norms of exponential sums with the same number of

summands is maximized when the frequencies are arranged in arithmetric progression".




2. EVEN EXPONENTS.
We state and prove now an inequality much stronger than (2.4) and postpone some
comments until after the proof. We introduce first some notation.

Given a finite sequence {an} of non-negative numbers we define the sequences

a'; and +an as the (unique) rearrangements of {an} such that
+ + + + +
>a > > g7 >
(2.5) a za za  Za, Za,2.
+ + + + +
aoz 3_12: a12:; a_z-?;., a2a....

Loosely speaking the {a;} and {+an} are the non-increasing "symmetric"

rearrangements of {an} , the a:; slightly overweighted to the right, the +an to the

left. Note that always al =Ta

k -k’

When the largest value in {an} occurs an odd number of times and every other

value an even number of times then +a = a+. In this case we write a* = a+ = +a

k= % k=3~ ¥ and
call the sequence symmetrical. We note that symmetrical does not necessarily means a =a_.

On the other hand even if ak = a_k the sequence {an} need not be symmetrical (it must
also satisfy the condition a, 2 ak). Loosely speaking we can say that symmetrical sequences

are those which admit a completely symmetric non-increasing rearrangement.

THEOREM 2.1. "It {a P}, {bs}, {ct}, ... are k finite sequences of non-

negative numbers, then

2.6) Z a_a_b. b _c ¢, ...... <
r*1+r2+s}+s2+t1+t2+...=0 T~y Sy =8, tl -ty
z (ay, )("a,, Jog )b, e ) ).
r*1+r2+sl+sz+t1+t2+,..=0 -1 2 1 2 1 2

One can easily see that the first member of (2.6), equals



9.

L2 2 2 ' . .
flfa ’ ifb ’ |fc l ...., Wwhere fa(t) = E a, exp(wt), fb(t) = I}? b, exp(irt), ...
Hence (2.4) is the special case of (2.6): a ,=b,=c =..=1or 0 according

as 1 belongs or not to {nv ven nN}.

Proof. The proof consists of four steps.
In the first step we show that (2.6) is a consequence of

+ 4 K*F
d <Ear bSCtdé”'

(2.7) Eap bS‘ E e e S

t

Here {ar} and {bs} are arbitrary sequences of non negative numbers, but
{C t} ’ {de} , ... are assumed in addition to be symmetrical.

The summation in (2.7) is extended over the set of all suffices such that their sum
is zero. We adopt this convention throughout the rest of this chapter.

In the second step it is shown that (2.7) is a consequence of its special case
corresponding to three sequences only ({ar} and {bs} are arbitrary and {Ct} sym-
metrical).

In the third step we show that we may even assume that the a S b s‘ s and ct‘ s
are 0 or 1.

This special case of (2.7) (three sequences only consisting of zero's and one's)

is proved in the fourth and last step.

Step 1. We recall our' convention on summation and write :

C =C , ... and(by Schwarz's inequality)

Obviously Bm = B-—m’ n -n

B <B C.=C o e It follows that the sequences {Bm} , {Cn}, ... are symmetrical.



10.

On observing that for any permutation ¢ of the indices we have (trivial proof)

2.8 ) T ()

and using (2.7) we obtain

(2.9) Za_ a b_ b C

r'1 -1~2 s1 —52 t1 —t2 rl —r2 m n
<Ta +ar B* C*
1 2
=2 X_ B
m
. + + *
where X m_E a, a Cn

T
r1+r'2+n+. co=m 2

=32 5P C*
4+, . .=m
and a =2 a’ Ta
T T iy
1‘1+I‘2=m 1 2

We observe that {53:‘} is a symmetrical sequence. Indeed

- 4+ +
a_ =2z a a
- T T
—r'1-r2~r‘ 1 2
= *a a’ (recall that a’ =
-r,-r=r Y1 "I r
172
+ +
- E +17 =1 ar1 arz
17727
=2 a+ +a = 5
T r T
rl1+x*2=x* 1 2

and by Schwarz's inequality 510 <a.
Moreover a  1is non-increasing for r 20.

and argue as follows :

a a_ _-Xxa._a
rr-—nfrr‘—-nJ

(by (2.7))

To see this we write for simplicity

= ao(a—n - a-—n-l) + {’31(81—1’1— a—n) + a_1(a_1_n - a—Z-n)} R



11.

<rLak(ak—-n - ak-n—T) * a-—k(a—k—n "8 Kk n-1 ) } e

a P >0 (recallthat n>0, k=20) and a

Ken = @-k-n the last

Since a =
- k= 9k

sum is not less than

ao(a_n-a_nq) + a1(a}_n -a_ +a, - a__z_ﬂn) + uu
+ ak(ak_n —ay o qtay o-a n—-i) E
= (30"81)(a-n'a—n~1) + (araz)(a-i__n - a_2__n) .+ (ak -a ., )(ak-n - a-k—n-1) +au

which is obviously non-negative.
Trivial modifications of the last argument show that for any symmetrical sequences
{ap} y {b s} the sequence 2 a* b*s* is symmetrical and non-increasing for m=2 0.
, +S=m :
Using this fact and a trivial induction we obtain the following

LEMMA 2.1, "Given any finite number of symmetrical sequences {a r} ’ {bs} s {Ct} yous

.., the sequence {Z‘ a; bg c? .. } is symmetrical and non-increasing for m=20 ",
8+, . .=m

Let now ¢  be a permutation of the indices such that B; =B o(m)’ The fact that

{Xm} ‘is symmetrical and non-increasing for m =2 0 allows us to continue (2.9) as follows :

(2.10) Ta a_ b.b_ c

{
faa
|

#

il
M BM 5y
>



12,
The second equality above follows from the symmetry of {Xm} and the fact that
¢©(m) = - o(-m) (a consequence of the symmetry of {Bn}) and the third from the fact that
Xm = X:;. The second inequality is a consequence of (2.7).

*
Repeating the same argument we can replace in the second member of (2. 10) C, by

C;" +Ct . Continuing this way we obtain after a finite number of steps the desired inequality

Step 2. We now assume that

Sza+ *b

(2.11) Zarbs A Do G

and we shall prove (2.7) by induction on the number k of symmetrical sequences in it.
(2.11) is the case k= 1. Assuming the result for k— 1 and writing

+
P =3 ab_, Q =X c*d%...., TP
M rie=m ¥ S b, ..=n t e

=P
m  q(m)
we have

E‘apbsctde ...‘.-=E Pmctde

i

which is the desired inequality.
‘The first inequality above follows from our induction hypothesis, the second inequality
from the symmeiry of {Ct} , the second inequality again from our induction hypothesis, and

the last but one equality from the fact that Qm = Q;;, ‘which is a consequence of lemma 2.1.



13.
Step 3. A simple continuity argument shows that the a, bS s € in (2.11) canbe
taken non-negative rationals. Multiplying now by a suitabie integer we may further assume
that they are non-negative integers.
We write now the sequence {ar} as a sum of sequences {a};} , {a;} g eernn
consisting of zeros and ones only

a =a' +av+...
r T

T
by setting
0 if ar=0
al = , a'=(a_-a') ..
" 11 it oa >0 ror
T
We define similarly the sequences : bé , bg y eee ct’ , c}c' , ;

It is easy to show that
+ _ ()t nyt B Y () +opn ¥ = (? P "%
a = (ar) + (ap) +oo0y by = (bs)+ (bs)+..., cf = (Ct) +(Ct) + ...
Assuming that (2. 11) is true when the sequences {ap} , {bs} , {Ct} consist of
zeros and ones only and adding the inequalities which result from it when we replace { ar} ’

{bs}’ {Ct} by {a:(pk)} s {b(se‘)} R {Cin)} for all possible x}alues of k,2,n, weobtain

the general case of (2. 11).

Step 4. It remains to prove (2.11) when the {ar} , {b s} , {Ct} consist of zeros
and ones only. |
We write

fx)=2 a, exp(irx) , gx)=2 b exp(isx) , h(x)=72 explitx)
t

r s
’R.
ff(x) == a; exp(irx)= Z exp(irx) , R<R'<R+1
r r=-R
+ + S
gx)=2 b explisx) = T explisx) , S <S'< S+1
s S=-St

T
h*x)=2 ct* explitx)= T explitx)
t t=-T



14.
and we have to prove
(2.12) jfgh ’s jf*’*g h*.

Since h is an exponential sum the left-hand side of (2. 12) is not greater than the

sum of all the Fourier coefficients of f(x) g(x), i. e.
ffghs £0)g(0)=(R+1+R'XS +1+S').

T T Z.,max{l%z—S‘ R R‘+S} then " +g is a trigonometric polynomial of degree
< T, which implies that the right-hand member of (2.12) is equal to (R+1+R')(S+1+S') and
hence (2. 12) holds.

If R'=0 or S'=0 then(2.12)reduces to a special case of the inequality
(2.13) jfg < jf+ *y, f,g exponential sums.

(2.13) is an immediate consequence of the obvious fact that ff" +g equals the
minimum of the number of non-zero coefficients of £ and g respectively.

It follows that we may assume

(2.14) Rt>0, S'>0, max(R+S',R'+S)=M>T.

We shall use induction on‘ M. We assume that (2.12) is valid when
max{R'-r-.S , R+S'} <M.

Let u be the greatest index such that a, #0 and v the smallest such that

b #0. We set

v
F(x) = f(x) - exp(iux) ) G(x) = gx) - exp(ivx)
and have
R
Ffx) =2 explirx) = £1(-x) - exp(~iR'x)
r=-(R'-1)
St-1

*Gx) =2 explisx) = Tg(-x) - exp(iS 'x).
S=—3



15.
Since max{RJr(S‘—l) , (R'~1)+S} =M - 1, our induction hypothesis implies

(2.15) JF Ghs< fF+(x) *G(x) n*(x) dx
= J,F"F(-—x) *G(=x) h*{-x) dx

=Jf+ to h* - j h*(x){f+(x)exp(-iS'x) +Te(x)exp(iR'x)
+ exp E(R‘~S‘ ) xl }dx

- ff““gnh(zfrw).

The second equality follows from the symmetry of h and the third from the fact
that the expression in curly brackets is a connected exponential sum containing h* (this is
an immediate consequence of (2. 14)).

We observe now that

feh=FGh+ h{exp(ivx)}:‘(x) + exp(iux) G(x) + exp E(uw) x:{ }
and that the expression in curly brackets is an exponential sum. We conclude that the
contribution of h{. . } in the integral jf gh isatmost 2T+1 (= the number of non
zero coefficients of h). Hence
(2.16) jfghstGh+(2T+1).

Combining (2.15) and (2. 16) we obtain (2. 12).

3. COMMENTS ON THEOREM 2.1. (i) The remarkable theorem proved in 2 is due to Gabriel
( {:12] ). Here we have reproduced his proof with some modifications taken from ( [‘18"_} ).

To a large extent the structure of Gabriel's proof is modeled on that of Hardy and
Littlewood in ( [:15] ), where they give the important special case of (2.7) corresponding to
symmetrical sequences { ap} s {bs} . {Ct} . e

It appears however that the argument used in ( Dﬂ ) was not conclusive. The passage



16.
from the case of 3 sequences to the general caseis based on the assertion: "P_ =2 a rb S
r+S=m
is symmetrical when the sequences {ar} and {bs} are symmetrical”. The example :
a,=a;=a_y=1, a =0 if r#0,+1; b =by=b ,=by=b g=1, b =0 if s#0,
12, +3 ; gives PO=<P4=P_4=~: 1, P,g =P_~} =P2=P_2=P3=P_3=2, Pmao if
m#0, +1, +2, +3, +4. Since the largest value 2 in {Pm} appears an even number of
times {Pm} is not symmetrical. This problem does not arise in Gabriel's version of the
proof (see also [1 8] , P. 274 footnote a).
(ii) For the case of two equal sequences in (2.6) see also ( Bj ) and ( ES] ), where
this special case is attributed to Pisot and Schoenberyg .

(iii) The above mentioned paper of Gabriel also contains a partial converse of theorem

(2.1) which we state without proof.

THEOREM 2.2, If {ap} is a sequence of non-negative numbers with finitely

many non-zero terms and

a =a , @& aar forrall o,

Ean N = ¥ a¥ ...a;“l
1 2k “1 2k

then a, = A_a; for some integer A, 1i.e.the r for which a, #£0 form an arithmetic

progression containing O.

(iv) Easier proofs of (2.4) can be obtained if we allow a constant factor in the second
member ( 137:! , See also II 4). Part of the difficulty of the present proof is to show that this
constant can be taken equalto 1.

(v) An estimate for HDNHIZ!{’ k=1, 2, ... would be very useful in connection with

formula {2.4). In the next section we shall obtain such estimates for more general exponents



17.
and in the next chapter we shall prove an exact formula for ”DNHT .
An exact, but rather complicated, formula for HDN”ZK can also be given. Indeed
HDN'LZ;( is obtained from (2.17)if we put n=2k and m=0. Denoting, as usual, by

f(m) the Fourier coefficients of f we have :

-\
(2.17) Dlr\ll(m) = <n 1) ( )( (2N+1)> ot (= T) ( )(A nk(fN+15+..., m=> 0

where Am =nN +n -1 -m and the summation stops at the first k such that :

Am - k+1D)2N+1)<n -1, i.e. nN-m< (kt+1)(2N+1).

Proof. We shall use inductionon n. Letfirst n=1. ¥ m>N then

A
nN-m=N-m<0 andhence (2.17) gives DN(m) =0 as should be expected. If
m < n then the summation stops at the first term (since 2N+1 < N-m) and hence (2.17)
Am
gives DN(m) = C o ) = 1, again as should be expected.

Assume now that (2.17) has been proved for n. Using the well known formula

() () ()

we obtain :
/\1\ N N\
N+ _ ‘ n
Dy (m)= 2= DN (m+k)

JODHGADINNGIPE
-CHCT D (o) <">{ -

3N?

I EGDI RO (G EGI ) T

Y D (D DI “5
1> < ><A NI (2N+1) <n+1\ +N+1-=22N-r?)

A 4N+1

-{C"

A +N+

A +N+

s A T
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Since A #N+1=nN+n-1-m+N+1= (n+1)N + (n+1) = 1 - m the proof of (2.17)

is complete.

4, ARBITRARY EXPONENTS.

We examine now LP norms of exponential sums when the exponent p 1is not
necessarily an even integer.

We assume first that p > 2. It is very easy to extend (2.4) in this case if we allow
a constant factor in the second member.

Let f be an exponential sum with N terms and let f(x)= T exp(imx). We have

m=1
P P
\ipr - flfl
- j‘ﬂp -2 [f|2<Np'2f]fl2
If ’x1<3N then l X)i ’Z cos mx | = -2- and hence :
m=1
p y 1 N NPT
HFHp= ‘YlFlpzz—ﬁ kaﬂhﬂ 31—\I(§)p=3-—2-523—-2511f’f
S5 X
or
(2.18) el =clell,  »>2.

Here and in the sequel C will denote an absolute positive constant (not always the
same). In (2.18) C can be taken, say, less than 4 by the argument we used in order to
obtain (2.18). We already know that if p=2q, q=1,2, ..., then C can be taken equal
fo 1. When p tends to infinity thenbotn [l ana [l tendto N (= lell_ = IlFll)
and hence the least value of C in(2.18)tendsto 1 as p .

The problem of finding the best value for the constant C in (2.18) was cited in

( L17.‘) as an open one. It appears to be still open.
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We observe that in the other direction there are exponential sums £ such tnat

Hf“ b is considerably smaller than HF‘H D If for instance
fix)=1+2 cos 10x + 2 cos 102x+ ... + 2 cos 10N
then |lell ,=C N2 while HDNH A =N>/4.  This property of f is shared by the so-

called lacunary exponential sums which we shall examine in III.3.

We pass now to the case p<2. Letagain f be anexponential sum with N terms

N
and F(x)= Z exp(imx). We have

m=1
N = Jif{2= jlyf}z‘"p £|P < N?P f}ffp

(2.19) Hpr =NP-U/P <o,

and hence

We observe now that

Nx
}F‘(x)! = ezip)?_ 1)"1 ! < min{N , )%}, ‘xf < 7.
Using this inequality we have
1 Ty 1
(2.20) -—f plP- L { FlPL L |7 [P
27 . 2 u}xi<1 27 { l>1
N N
T
s_:-le.1+2.2pj dx
21 N 1/N xP
< ...(_:_.Np"'1
S 5o

(the use of the absolute constant C is justified since p < 2).

Combining (2.19) and (2.20) we obtain

(2.21) Hprzc(p-anl 1<p<2.

p’
As in the case of (2.18) the best constant in (2.21) is not known. Certainly the

constant C(p-1) we obtained is very far from the best (if nothing else because it gives a

bound lessthan 1 when p< 1+ -——37— , Wwhile, as we shall see in the next chapter, even
CN
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the L1 - norm of an exponential sum with N terms tends to infinity with N).

The same example as before, f(x)=1+2cos 10X +..+2cos 10Nx, shows that Hpr
(even HfH1) can be of order of Hf“z i. e. N"/2 (see II1.3 for the proof).

The very crude arguments we used i.n order to obtain (2.18) and’ (2.21) cannot give
best constants (compare for instance with the fine GabrieL—Har‘dy—Littlewood argument used
in I1.2). However the inequalities we reached raise a number of interesting questions (for a
rather long list of such questions see E7_:[ ). We have already mentioned two of them (the best
constants in (2.18) and (2.21)). A rather strong conjecture (suggested by the case of an even
exponent) is that in both cases the best constant is 1.

We mention here that in (2. 18) and (2.21) if we replace f by a symmetrical trigono-
metric polynomial and F by the polynomial f* corresponding to the non-increasing
rearrangement of the absolute values of the coefficients of f then the constants cannot be
taken equal to 1. ‘The function f(x) =1 - % Cos X +3—1 cos 2X - % cos 3 X+213- cos 4x, for

instance, shows that (i) £= 0 (hence I H} =1) and that (ii) is a simple root of

T
3

(hence Hf*H > f f* = 1), This example is due to Lehmer ( [25_). For these problems see
(123]) and ([26]).

Returning to exponential sums we mention finally that, despite a considerable effort
made by several mathematicians during the last 30 years in order to settle at least the limiting
case p=1, it appears that much remains to be done. This limiting case will be examined

in detail in the next chapter.



. L' NORM.

In this chapter we examine the problem of finding a lower bound for the L1 norm
of exponential sums which depends on the number of terms N only. The main P sult is
theorem 3.5 which gives such a lower bound of the order of (log N/log log N) !

1. INTRODUCTION.

Let n;, ..., ny be N (=3) distinct positive integers and write :
N N
fx)= = exp(inkx) , F (x)= T exp(ikx)
N
k=1 k=1
(3.1)
N N
gx)=1+2 Zcosnkx , D(x)—1+2 Z cos kx.
k=1 k=1

The restrictions that N =3 andthat n -y Ty are positive are made for

17
technical purposes only. (After some trivial modifications almost all the results we shall
present here remain valid for general exponential sums). In most of the cases (but not
always) it will be of no importance whether we deal with f or with the "Cosine" sums g.

The latter are real even functions and it is sometimes more convenient to work with them.

From what was said in II 4 one is led to the question of the validity of the inequalities :

6.2) el =clel, . el = clogll.
It is obvious that the two inequalities in (3.2) are equivalent. However we cannot

exclude a priori the possibility that the constant C can be taken 1 in the second inequality
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but not in the first.
(3.2) appeared for the first time in ( [17J ) and later in a collection of research

problems by J. Littlewood. Usually it is referred to as "Littlewood's conjecture".

If in (3.2) we replace f by aj + 2 n% o, cos n and FN by a,+ ZHEDZ a;*l COS nx
(a0 2 a*f > a§ = ... is the non-increasing rearrangement of a_, la1 | e laN ‘ ) then
(3.2) may be false ( EZBI ).
2. THE DIRICHLET KERNEL DN.

An equivalent form of (3.2) is
(3.3) Hg”1 > ClogN.

To see this we examine in detail the so called Lebesgue constant HDNH1 . We have

"DNII1=J|1+2cosx+...+2 cosledx

T
Z%J (1+2cosx+...+2cosNx)sin(N+%)xdx

(o]
e p 2,y 2}
I T T A

1 1
(1+§+...+§N—:.‘—)

from which the equivalence of (3.2) and (3.3) follows.
Much more accurate estimates of “DNH1 are known. DN’ being a sum of

consecutive terms of a geometric progression, can be given by the explicit formula

sin(N + %) X
(3.4) DN(X) =—
sin 5



23,
Using (3.4) we can prove easily ( EA}OJ , O, 12.1)
(3.5) HD H =24 1ogN+0(1) as Nsw
. N 1 ;;2 . ¢

An exact formula for HDN’|1 has been obtained by L. Féjer ( D 1]) :

2 Ny 7K

’ 1
(3.6) “DNH} =§N—ﬁ + 7 kf{g E tan m.

Another exact formula, due to Szegd ( Bé:[ ), is

o0

1 1 1 1

16
3.7 D, = = = Thx+m+...
(3.7) | N”; Sy 1{ tytg* *2“(k'2‘N+"1}-'1}

Here is Szego's proof of (3.7) :

Expanding isin X f in a series of cosines we have :

(=]
4 5 cos 2kx

> =

lsinx‘ ='12-;-—
k=1 4k"-1

!

‘.sinx{ - l‘sin 0}

; 1 - cos 2Kx
k=1 4K™ - 1

S

Hence :

1 - cos 2k(2N+1)x

1 4k2-1

™8

] sin(2N+1)x | =

4
Tk

(1-cos 2x )+(cos 2x-cos 4x)+. . .+(cos LZk(2N+1)~21x - cos 2k(2N+1) x)
2
k=1 4K -1

™8

4
T

2

o . T » -
__,G{T sinX) 5 sin X + sin 3X +...+ sin l_2k(2N+1) - 1__}_}(_.
k=1 4K~ - 1

It follows :

oo . . . B : o
D (2x)' = (sgn sin x) [Lf‘: 5, sinx + sin 3X +...+ sin l_2k(2N+1)-— 1_Jx
N | T k=1 AK% - 1

from which we obtain (3.7) by termwise integration.

An immediate corollary of (3.7) is
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il > ol

(3.8) b
that is "the Lebesgue constants form an increasing sequence". This property of the ”DNH1 's
is due to T. H. Gronwall ( 1:13] ), but his proof was more complicated than that of Szego.

A simple change of variables shows that the estimate (3.3) remains valid for any
exponential sum whose frequencies form an arithmetic progression (here and in the sequel
"arithmetic progression" means "unbroken part of an infinite arithmetic progression"). The
L1 Norm of exponential sums corresponding to arithmetic progressions shows some sort of
"stability", which sometimes yields a satisfactory estimate for the L1 Norm of other
exponential sums. This is a consequence of the fact that such exponential sums are Fourier-
Stieltjes series of measures and hence conversion factors (multipliers) for L] ( [_;101 ,

IV, 11). More precisely we have :

N
THEOREM 3.1. Let f(x)= Z exp(inkx), where {nk} is an arithmetic progres-
k=1

sion, and let h(x) be another exponential sum with no frequencies in the infinite arithme-

tic progression containing {nk}. Then

(3.9) e+ nll, = ..

Proof. Without loss of generality we may assume that n. =a, n

1 =2a, ...,

2

n.. =Na, for some integer a. We have:

N
m
Z}f(x+b2a—w)=af(x) , Z}h(x+b2€w)=0.
b=1 b=1
These equalities follow, say, from the fact that for each frequency m of f or h,
exp im(x + b 2-317), b=1, ... a, correspond to the vertices of a regular polygon. Using

the above relation and the periodicity of f+h we obtain
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aHfH1 = IIz_(f+h)(. +b ;;—?T I,

a
2
=z ). + b 2D,

= a”f + h”1

which proves (3.9).

3. LACUNARY SEQUENCES.
The ease with which we were able to obtain such exact estimates for HDNH1 is due
to the special form of the Dirichlet kernel. If we iry for instance to repeat the argument

which gave us HDNHT =2 Clog N for the exponential sum £ in (3.1), we obtain

(3.10) el Zc{h'z“zﬁ'; +...+nN_1n1}.

(3.10), which is a special case of a more general inequality of Hardy and Littlewood
( [40] , VII, 8.7), is in many cases not satisfactory. Assume for example that

/2 4nile the

f(x)=1+2 {cos 3X +...+ COS 3NX}. We shall see later that ”f”1 =ZCN
second member of (3.9), as a function of N, remains bounded. The same is true for a
large class of exponential sums. We examine them in some detail.

Hf“j is the constant term of fz(x) fz(x) and hence it is equal to the number of

distinct quadruples (nk, Ny, 0o nt) which satisfy the equation

(3.11) m + Ny =0 40 , k,0,m,n=1,2, ..., N.

A glance at (3.11) shows that this number is less than N3 (in fact it is less than

2 (N3 + 1), as an application of II(2.4) shows). Using now Holder's inequality we obtain :
3
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N'= 1
- jlflz/Blfl 3
1 iy

A

and hence

(3.12) lll, = {1l }

Of course there is nothing special about the exponent 4. Any even exponent can serve

1/2

the same purpose as well. We insist however on even exponents since otherwise we do not
know of any simple arithmetic characterization of the Norms.
It follows from (3. 12) that the smaller the number of relations of the form (3.11) the

. . . . Myt
better estimate for Hf”1 we get. If for instance {nk} is lacunary, i.e. — 2qg>1,

My

q=1,2, ...N-1, andif b isthe smaller integer such that q° >3 then

(3.13) ll, = cb N2 (v c@-D)NY2, as g h).

To see this we observe that {nk} is the union of the b disjoint sequences

elements which

o1

{nm, Mab? }, m=1, ..., b, eachof which has no more than 1+

satisfy the relations

Mo (k+1)b

= >3, k=0,1,.
m+kb

1t follows that for each of these sequences (3.11) has only trivial solutions (k =m,
b=t or k= t, = m) and hence the corresponding exponential sums f m satisty the
inequality

ey < e

b ;
Observing now that {f '4 < b3 z If.m 14 and using (3. 12) we obtain (3. 13).
m=1

We note that there are sequences other than lacunary for which the number of solutions
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2 . } .
. {nk} is lacunary and {mk is such that

of (3.11)is as smallas C N
m o=n. mod A, for some integer A> UND) then {mk} is an example of such a sequence.
The above technique of dealing with lacunary sequences is very common not only in
harmonic analysis ( &O_I , V, 6) but also in other branches of mathematics, e. g. in
probability ( E?.ZJ ). Unfortunately it leaves much to be desired in some important cases.
Thus, for example, in the case of the Dirichlet kernel it gives the poor estimate HDNH1 = C.
However, if a sequence contains a long enough lacunary subsequence (although it need not be
lacunary itself) then a relatively satisfactory estimate for the L1 Norm can be derived

(e. g. (log N)V 2 for the Dirichlet kernel). This is a corollary of an elegant theorem due

to Paley (40, XII, 7.8).

THEOREM3.2. ¥ -3l >q>1 then
/:i
1/2 . -
2 ix i2x inx/||
(3.14) {jZ]aij } SCHao—ka}e +ae " . ka e

In particular if the sequence {nk} contains a lacunary subsequence of length M,

1/2

thenthe L' Normof f (defined in (3. 1)) exceeds a positive constant multiple of M /<.
(We remark that here it is very important that the frequencies appearing in f be non-

negative).

Proof. The proof is based on the fact that F(z) = ay +a,z+. ..+ anzn, tz | < 1,

1

o] o0
can be written as a product F.(z)F.(z) where F.(z)= T b_z", F,(z)= Tc_z",
1 2 1 n 2 n
n=0 n=0
|z l< 1, are analytic and HF1 Hg = ”F2“§ = HF”1 (for a function G(z), analytic in
lz] <1, HGHD is defined as the pth Norm of its boundary limit G(eix)). In all

cases we shall consider here, e. g. when G is a polynomial, the existence of boundary
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limits will offer no difficulty and so it will be taken for granted).
This well-known factorization { [40 ] , VII, 7.22)is due to F. »Riesz and can be proved
as follows : If F(z) has rootson |z l =1, we consider the function F(rz), r<1,
which certainly has no roots on !z I =1 except for a finite number of r's. Thus, using

a simple limiting argument, we may assume that F(z) £ 0, Iz | =1. I F(@z)£0 on

_pl/2 1/2

iz | <1 we very simply take F2 = F1 (any analytic branch of F /°). Otherwise

let z,, 2, ..., 2 (m < n) betherootsof F in |z| <1 (multiple roots will be

repeated according to their multiplicity). For each z, we consider the Mobius transfor-

mation which sends zZ, to 0 and maps the unit circle onto itself. We call B(z) the

product of these transformations. Obviously 1B(z) | =1 on iz l =1 and the function

F(z) {B(z)}_1 = G(z) is analytic and zero-free on |z |< 1. 1t is clear now that the

functions F, = GV 2 , F, =B G1/ 2 (any analytic branch of the square root) have the

2

desired properties.

From the representation F = F‘IFZ we get
n; 4 n;i

3—
ta"ji i L:zo i “nj-k +k=nji+1 i an"kl
oo 511/2 n, 5y1/2 % ,11/2 n, 5y 1/2
s{Zlbkl} [z lckl} +{E:|ckl} { 2 lbkf}
o n.-n. o n. ,+1
J - 3-1
and hence
e nj o nj 2
6.15) la 12 <2z o 1A £ e P2z le P 2 b %)
J o n.-n. o n. . +1
] J-1 j-1
Il {3 E
=2l > e 1?2+ T b |2
1{11 n Ck +n +1 k }
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We observe that the second terms inside the curly brackets have sum (over j) less

e o]

00 v
than 2 fbk ]2 = HFHq . The first terms also have sum less than C 2 Ick [
Q O

|
2 CHFM

This follows from the fact that the union of the intervals Lnj--nj__1 , mj J covers any

integer at most K times, where K depends only on q. To see this it suffices to

observe that

1
- ‘ ’ log(1 - 5)
nj n -y g if k-3>-—-1-———-—-=K
ogq

and hence the sequence E’lj - nj_} y nj] is a union of no more than K disjoint subsequen-
ces of intervals. Adding now the inequalities (3. 15) we obtain

z !ocn 12 < 2HF”}(K+1) HFH1

J ]

which implies (3.14) with C = o(a_-_% log ch‘T)’ as q»1T.

REMARKS. (i) The analyticity of F was crucial in the above proof. This is the
reason why the hypothesis nj' = 0 was needed.

(ii) It is to be noted also that the lacunarity of {nj} was used in a way different
from the usual one (see e. g. the proof of 3.13).

In the case of real trigonometric polynomials there is a substitute for theorem (3.2)

which neither implies nor is implied by it.

N n.
THEOREM3.3. If F(x)= T o coskx+b sinkx and Zlzq>1, j=1, ..
— k=1 —
., N-1, then
1/2 i
2 2 1/2
(3.16) {f{: lankl " lbnk? } s.:c’lijl(loglFl) I +c.

Theorem (3.3) is due to Zygmund and its proof can be found in ( E_;!O] , XII, 7.6). The

assumption, of lacunarity can be relaxed a little (it suffices to assume the usual condition on



31.
the number of solutions of (3.11).

The results we have proved up to now, although interesting in themselves, leave
essentially infact the general case of the problem raised in III. 1. For instance, if ‘a sequence
of non negative nk‘s is such that most of its termjlie in an interval (A,(1+g)A), where
€ is a small positive number, we cannot expect very much from theorems (3.2) and (3.3).

However, borrowing again an argument from the theory of lacunary series, we can
show that it is only a small proportion of termé in {nk} which prevents us from obtaining

. 1/2 N
easily a lower bound of the order of (log N) for HKET e}q:>(mkz\c)H1 . The argument

we have in mind is the use of the so~called "Riesz products" and the precise formulation of

this result is the following :

THEOREM 3.4. Given f asin(3.1)and €> 0 we can subtract less than O(N%)

terms from {nk} so that the L] Norm of the exponential sum corresponding to the

remaining sequence exceeds C(e)(log N)T/ 2 .

Here C(g) means a positive constant depending only on €.

Proof, We shall construct a subsequence {m1 siees mr} of {ni_, ces nN} such that :

€

. €
—a ~1<p<
(i) logBIOQN 1 ,x’“‘logBk’gN
(ii) Forall k, 1=<k <N, all sequences of distinct indices Jps veer B
1<t=<r andall choices of signs + we have mk# +m, +m. o+ ... +m, .
- " 31 — 32 - - 3’t

To avoid trivialities we assume, as we may, that N is large enough to have
(e/log 3) log N > 1.,
We take for the moment the existence of such a sequence for granted and argue as

follows :
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The number of integers of the form + mj +m, +.,..+m 1is at most

17 - g

iy o
o | ( 1)211“1 +.. .+ <I‘-2> 22 <3< 3(€/10g 3)Ylog N - NE

We delete the integers of this form from the sequence. {nk} andcall h the

exponential sum corresponding to the remaining sequence. It suffices to prove that

”h”,! 2C IJ/Z.

To this end we use the "Riesz product"

r ,
P(x)= I (1+ = cos mx)
=1 I‘172 t

and observe that P(x), written in full as a trigonometric polynomial, will have in common
with h only the r frequencies My, My, ..., m, and the corresponding coefficients
will be equal to ~7-2i .

It follows that

(3.17) ‘ jh(-x) P(x)dx:\-[l_ . r%: Crﬂ/z.

r

r
Since lP(x) l< 1 (1+ ;)1/2 =(1+ %)r/z <C, (3.17) implies the desired
te1

inequality Hh“l = Cr?/z.

It remains to prove the existence of the subsequence {m1 s seey mp} .

Wetake m, =n

1 1 and suppose that My, ..., M have been chosen so that (ii) holds

with r=s. Let S be the set of integers of the form j_-mj fm;j i"-'imj’ tss
1 2 t

and S the union of the sets : {m,...,m_}, {x:2xes}, s, Stm,, S-m,, S+m,,

S-mz, vy S+ms, S—ms. As usual A+x means the set {a+x : aeA}.

The number of elements in S is af most

2° +(j> 25”1’+...+ (Si> 2 <3°

and hence & contains less than s +2.3° +25.3° < 10S+1

elements.



33.

s+1

< - s 3 s 3 -
If 10 N then we can choose m € {n1 y seey nN} S and it is trivial

]
to verify that im1 g oeees M +1} satisfies (ii). So the construction can be continued as

s+1 < N is satisfied. It follows that condition (i) can certainly be

long as the condition 10
satisfied if € is small enough. Since such an assumption on € is obviously harmless
the proof is complete.

REMARK. The construction used in the above proof is rather crude. As we shall see
in the next section a more careful choice of the subsequence {mk} and a much more

careful choice of the factor P(x) in (3.17) will allow us to obtain a satisfactory estimate

for Hf;h

4, THE GENERAL CASE.

IN 1960 P. Cohen introduced a method of estimating the L1 Norm of exponential sums
which gives positive results without any condition whatsoever on the sequence of frequencies
in them.

Using a refinement of this method we shall prove in this section the following

THEOREM3.5. If ny, ..., ny are N (=2) distinct integers then

(3.18) Hexp(in1x) oot exp(in:x;x)H1 2 C(log N/log log N)Vz.

Proof. To avoid some trivial verifications we shall assume that N is large

5

e10 , say, will suffice). This assumption obviously does not affect the validity of (3.18).

(>
One characteristic point of the proof is the selection of a suitable subsequence {mk} of

{nk} . The selection begins with the largest frequency in {nk} and continues downwards.
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Thus it seems appropriate (again without loss of generality) to assume, and we shall do so,
that

n13“> n2> >nN>O.

We Wpité : Hx)= exp(ingx) ot exp(ian).

We shall construct a sequence gT(x) = exp(in1x), g, x), ..., gp(x) of trigonometric
polynomials such that
(3.19) lgl<1, 1=0-Dr_+er'? k=2,
where

L = ff(—x) gk(x) dx.

Assuming for the moment that this construction has been carried out up to an
r 2 C(log N/log log N) and observing that I, =1 we have

lell = ¢

={1- g) L4 +Cr’1/2

e R CE ORI SOl
=z cr V) - I
> cpl/?

> C(log N/log log N)V'?’.

The last but one inequality follows from the fact that (1 - 5)1‘ converges to e“af ;
as r >, and hence it remains greater than a fixed positive constant.
Thus our task has been reduced to the construction of a sequence 81 «--1 &, of

trigonometric polynomials satisfying (3.19)up to an 1 of the order of log N/log log N.

We shall need two lemmas,
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2 2 2
LEMMA 3.1.If r2100, -tsPs<+%, - <qQ<%, then
. 12
(3.20) 1_}_P+1Q+(p+1g) b (r+2P)1/251.
r I“?‘ 1“4 4113/2

The assumption 1= 100 is made for technical purposes only. It could be weakened

but this would be of no importance to the proof of theorem (3.5).

LEMMA 3.2. Let S be a set of positive integers containing n, and let Nip),

pES, be the number of values k such that n, =p. If r is apositive integer such

(3.21) ‘ D> N{p)= N
pES

then there are 1r integers m, = m, = ... = m, among the PR such that

(3.22) P+ (m-m,) + (m -my) £n_, forall pes, is<j, k<, o<i,j l=r
and
(3.23) mo=nogy  With  qt)s * = Np).

4 E— peES

We take first these two lemmas for granted and complete the proof of theorem (3.5).

s

1O(log N/log log N) and observe that if N

We write 1 for the integral part of
is large enough, r = 100. Under this restriction we shall show that there are sets

S, and functions 8y which, for k <r, satisfy the following recursive relations :

k
St =S UTUR, o sp={n ],
where
Tk = {m(]k), ey miﬁk)} is constructed as in lemma 3.2 with S = Sk'

i<j, s<f,0<4,4,5,8sr},

R, = {p + (mg{) - m§k)) + (m(sk) - m%()) : pES,,
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and

Py +1Q, (P HQ )2
%wﬂ”“'ff k”*gﬁﬂ{1“‘ 2 Bk }

r
g»}(x) = exp(in1x),

where

hk(x) exp(un( ) X} + exp(mz( k) X) ...t exp(nn( }x)

(k)
Py +1Q, = b Z‘;} exp{ m;i )x} .
The only requirement, according to lemma 3.2, which is needed for the construction

of S, 4 &.q from S, g isthat (3.21) holds with S =5 This is trivially

K

true for S,, if N is large enough. (3.23), the definition of S and the trivial

k+1?

relations

N(p + mgk) - mJ(.k) + mgc) - m(ek)) <SNp), isj, s<€, o<ijs,<r

N(m:(jk)) = q(k)(j), where q{k) isasin (3.23) with S= S.s

Z Np)=1
pesk

imply

> N(p)<{ z N(p)}{1+(1 F.. +1"4)~1«”t 4}<r z N(p)

and hence

Z Nip)= PS{R—”
PES,

Thus, if k<r, the assumptionon 1 guarantees the validity of (3.21) and
consequently the existence of 8-

It is clear that r, Pk’ Qk satisfy the hypothesis of lemma 3. 1 and that
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’2 =1 + 2P, . We also have |g1(x) ‘ < 1 and by induction ‘gk(x) I < 1.

|, (x) .

)2 do not

Observing now that the frequencies appearing in Pk + iQk and (Pk + :’LQk

appear in f(x) gk(—x) we obtain (3.19).

Thus, modulo lemmas (3.1) and (3.2), the proof of theorem (3.5) is complete.

Proof of lemma (3.1). Computing the square root of the absolute value in (3.20) we

find
2 2.2 2 2
1 Pr-P Q 2 4 1 _Pr -P 4 2P2 |
(-5-=F7) +5 [Q mw(-g =) “‘7[["
r r r r
2
=A2+% B.
r
Since
d (pr* - P?’)=r’-2P2 0

dP
we have
Pr® - p° Smax{i—grg—(—g)ﬂ, II;PZ—(I; )2|}=]2—4 .
The last inequality and the hypotheseson r, P, Q imply
B=r[0.25-2(1-0.01-0.25)+ 1.012] =0
A=21-0.01-0.25=20.

Collecting the above results we see that it suffices to show

(3.24) r5/2(r + 2P)1/2 < 4r° + 4(Pr‘2 - P2).
If P<O the right hand side of (3.24) exceeds 4r° - 2r° -r* = r° which
2 2 2 2 I‘2
obviously implies (3.24). If P>0 then Pr° -P°=P@“-P)=P — and (3.24)

reduces to the trivial inequality

(4r + 2P)2 > r(r + 2P).

Proof of lemma (3.2). We take m

=n, and assume that My, ... m, have been

1 1
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constructed in such a way that (3.22) and (3.23) hold for all p€ES, i< ‘j, k< ?

s

0<1i,j,k,0 <t. It will be enough to show that if t <1 then we can find a m 4 in
such a way that (3.22) and (3.23) hold with 0 <1i,j,k,b < t+1.

| To prove this assertion it suffices to show that the ineligible choices for th ,
i.e. those for which (3.22), with 0<1i,jk,l < t+1, fails, are at most

1’ = Np).
peES

Indeed, if this is the case, then (note that Z N(p)= 1)
pES

q(t) + (’c+1)3 Z Np)+1= {t4 + (t+1 )3} Z N(p)+1
pES pES

< @1} T Np)
pES
4
<r I N{(p)
pES

<N,

and hence there exists a y = q(t+1), with

at)<y=qt+) < 1) TNp)sN,
pES

such that (3.23) and (3.22) hold with m 1= 0y 0<i,j, k,@ <t+1.

t+

It remains to show that the ineligible choices for m

i1 are at most

1Y = N(p).
pES

Forfixed p and n s > p it can easily be seen that there are at most

2(t=1) + 2t

3 . .
< - - -

+t< (t+1)Y expressions of the form p ng+m; —m+m -my, i <j,
k<@, 0<i,jk,l <t+1 containing m, (once, twice or at most three times) and
that the vanishing of such an expression uniquely determines m in terms of the

remaining variables appearing in this expression. (Note that if m does not exist or,

if it cancels in such an expression, then, by hypothesis, the letter cannot vanish).
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Since there are at most N(p) possible choices for n,, forafixed p, we
shall have at most (t+1 )3 N(p) ineligible choices for m,_ . foreach p, andhence

at most (’c+1)3 Z N(p) forall p.
pES

5. COMMENTS ON THEOREM 3.5.

(i) The proof given in ITI.4 is taken from { [293 ). (3.18) with exponent 1/8 was
proved by P. Cohen ( [:7:1 ). This was the first positive result concerning Littlewood's
conjecture (up to that time it was not known even it [ltl|, tends to infinity with N).

A few months later H. Davenport ( [8] ), following Cohen's method, reduced the exponent
to 1/4. A new element in Davenport's paper was the use of an inequality similar to (3.20),
on which the important estimate l g | < 1 is based. Davenport's inequality was (we use
the same notation as in lemma 3. 1)

P +iQ

(3.25) ]1-—%— 3 |+-—517§(r+2P)1/2 < 1.
r r T

Any attempt to improve on the exponent 1/4 by changing the factors ”12 y —1§ ' 573

leads nowhere, Infactif £€> 0 we find that for some a> 0

(3.26) h__ag_ P+£iQ! 13€ (r+2P51/2 <1
r 2+§ x‘H'T

Repeating the proof (using now (3.26) instead of (3.25)) we again obtain the same estimate
C(log N/log log N)V 4 (see next remark). We observe that the exponent d of the coeffi-

cient r 9 of P+iQ is always greater than 2 (d=2 + §) and this for a very good

reason : if d=2 thenthe point z = E;FZ}Q_ , for P =0, maybe ata distance

r

greater than 1 from the point 1 - —ag, and this makes (3.26) impossible. However,
r
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since z lies (almost) in the right half of the unit disc, the point z - zz, even with

P =0, will be close enoughto 1 so that an inequality of the form (3.25), with z - 22
instead of P +31Q , may be possible. That this is really the case is the content of lemma
r

(3.1). The changes needed for the rest of the proof are more or less automatic and lead

finally to the improved estimate C(log N/log log N)1 /2 .

(ii) (3.20) and (3.25) are of the form

1
(3.27) il _L. {termsin (P+iQ)t ,t=1,2, ..., k} + (P+2P)2S 1.
a b
r Cr
The argument used in this paper yields
(a+1-b)/a

(3.28) /I, = ciog N/k 10g 1og N)

It is very easy to see that always (a+1-b)/a> 1, and hence the best bound we can
expect from this argument will be greater than C(log N/log log N).

P +iQ

2
r

(iii) Assume that the terms (P + iQ)t in (3.27) form a polynomial in z =
We further assume that the coefficients of this polynomial are independent of r and the
coefficient of z is positive On examining (3.27) for the real values of 2z we find

Hence no further improvement can be obtained from Cohen's

Bl —

that always (a+1-b)/a <
*
method.
However it is to be noted that although these assumptions are satisfied in the case
of (3 .20) they are not in that of (3.25).
(iv) With slight modifications in the proof we can show that (3. 18) remains valid if
N

N
we replace 1;21 exp(inkx) by kET ay, exp(inkx), provided that lak l = 1. Indeed if

* This remark was communicated to the author by P. Cohen.
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N (x)

we put g1(x) = (sgn a1) exp(inix), and hk(x) = T (sgn b§ )) exp(lm:J x), where
k=1
sen 1 i (k) _ ) . — 1 .
y=lyl/y and b; , inthe recursive definition of (g, ;1 Wwe obtain
3T ) k
Is=(1—%)ls_1+———7—3122 ) ‘
47’75 1 q'0)
1 -1/2
(] - ]?‘) IS 1 +Cr s

which is sufficient for the proof.

(v) Our main effort in the proof of theorem (3.5) was to construct a function g
with ]gr ! < 1, such that the integral Jf(x) gp(—x) dx is large. The function g, was
constructed, in a rather complicated way, from some trigonometric polynomials closely

related to the even powers of f£. It is not hard to obtain an exact formula for Hflh by

using even powers of f.

N
Assume for simplicity that f isthe cosinesum 1+2 Z cos n, X and write
k=1
F(x) = f(x)/(2N+1). We shall have
(3.29) lt] = ene1) P
1/2
= 2ne1) {1 - (1-F%) }
- @) {1- 30 - P - (YD) la-r?y 1(1/2)1(1 S .
= 2N+ -5 - - 5 - - K - R

Of course there are other formulas for giving lf l in terms of the powers of f£.

Ife.g. Km is what is usually called an approximate identity (i. e. Km 20,

o]
j_me =1, Km(t) = Km(-t), !t p K (t) 530, as my» forevery a>0) then
f(x)
(3.30) }f(x)f = lim 2 f_(x)J Km(t) dt.
m e o

It is not hard to see that (3.29) corresponds to the choice : Km(t) = am(1-t2 o
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for a suitable a, if ’t] <1 and O otherwise. In general if we chose for Kn an

even polynomial we obtain Hfli1 from (3.30) as a limit of linear combinations of the even

1

Norms of f. Coming back to (3.29) and writing G(t) = NTT DN(t)

N
(DN(t) =1+2 2 cos kx) we have
k=1

(The above inequality follows from TI(2 .4)).

Were it true in general that J‘(LFZ)k < j (1—-(;2)k then the strong conjecture
Hf”1 = HDNH1 would be a consequence of (3.29). However this is false. To see this we
argue as follows* :

The roots of D

N are all simple as can easily be seen from the explicit formula

(3.4). ¥ f has adouble root b, then the integral of (‘!~-I~“2 )k over a neighborhood of
b exceeds I(T—GZ )k provided that k is large enough. The example

f(x)=1+ 2{(:05 X + COS 3X + €OS 7X + €OS 9% + cos 13X + cos 19X + cos 40 x}
shows that such an f exists (it has the double root x = :’3-7).

(vi) We use the same notation as in the previous remark. The best choice for a
function g so that lg{ <1 and j'f(x)g(—x) dx is large if of course g(x) = sgn f(x).
sgn f(x) can be expressed in terms of the odd powers of f£(x) (using 3.30 for instance).
But, as in the case of If(x) I , it seems that no representation is known which can give

positive results for our purposes.

We note in passing that Littlewood ( !__27] , problem 22) asks for a lower bound of the

(*) This argument was orally communicated to the author by Y. Domar.
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N
number of real roots of f(x)(=1+2 Z cos nkx), and adds : "Possibly N-1, or not
k=1
much less" . It appears that the problem is still open. Progress in this direction would

possibly provide useful information on the problems treated in these Notes.

(vii) Let f be an integrable function such that 'f(nk) | =1, k=1,2,...,N,
and 'f(m) | < €N otherwise. It is easy to see that we can choose &N = 0, depending

only on N, so that the proof of theorem 3.5 holds good and yields : Hf”1 Zb where

N ?
bN >0 as N o,
J.-P. Kahane has used this fact to show the existence of a sequence {Cn} such

that <, >0, as n>>e, andfor all permutations ¢ the sequence cgo (n) is not the

sequence of Fourier coefficients of an integrable function ( [21:' ).



IV. ONE SIDED L~ NORMS.

In this chapter we examine the lower bound of the absolute value of the minimum
of real exponential sums and its relation to the lower bound of the L1 Norm of exponential
sums.

1. INTRODUCTION.

The L~ Norm of an exponential sum f having N terms presents no problem
at a11: In fact Hf“oo =f(0) = N.

The problem becomes more interesting if we examine more gener*al‘ trigonometric
polynomials. If, for instance, we consider polynomials whose non-zero coefficients are

complex numbers of absolute value 1 then the Hardy Littlewood example

N
Z explik log k) exp(i k x) shows that the L.” Norm can be of the same order as the 12
k=1

Norm NV 2

( [27:], see also BB] for some related results). Although we shall not
examine this aspect of the problem we mention a nice example, found independently by

H. Shapiro and W. Rudin ( [35] , BZ] ), of trigonometric polynomials Pn , Qn - of degree
N =2" - 1 whose non-zero coefficients are 1 or -1 and whose L” Norm is less than

C Ni/ 2 (= CHPn‘lz = CHQnHZ)' P, and Q , usually referred to as the Rudin-Shapiro

n

polynomials, are defined recursively as follows :
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Pn“(x) = Pn(x) + exp(i2™x) Qn‘(x‘)

Q1) = P (%) - exp(i2™x) Q (x).

f 2 l 2) we immediately

On observing that }Pnl2+ IQn12=2('P + IQ

n-1 n-1

obtain the desired properties of Pn and Qn'
Throughout this chapter f will denote the cosine sum

4.1) f(x) = cos n X +...+ cos ng% 0<n;<... <ng integers

1
and for any real 27-periodic function g, we define
(4.2) M(g) = |int g(x)|.

We always have HfH o = N. On observing that Hf“w = max f(x) it is natural to
ask : What about M(f) ?

The problem of showing that M(f) tends to infinity with N was raised by
Ankeny and Chowla ( BJ ). More generally, as in the case of the r! Norm, we may ask

for a lower bound of M(f) dependingon N only. In the following sections we examine

this problem in detail.

2. THE MINIMUM OF REAL EXPONENTIAL SUMS.

Let g be any real polynomial without constant term. We have ( B6] )

(4.3) HgH1 = fg

< J ig + M(g) |+ M(g) = 2M(g).

Thus any lower bound for Hg”1 automatically yields a lower bound for M(g).

Using (4.3) and 1.5 (iv) we obtain :
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THEOREM 4.1. Let g be a real trigonometric polynomial with N non-zero

coefficients of absolute value = 1. Then M(g) = C(log N/log log N)T/ 2.

In some special cases it is easy to obtain satisfactory lower bounds for M(g)
without any appeal to theorem 3.5, e. g. when we can find by other means a lower bound
for Hg”1 by other means. We give a few examples of this sort.

It . . -1l /2 .

g isthe sumof N sinesthen M(g) _(2- N)/“. For, g is oddand hence
1 2
M(g) = ngl HgH = (2 NV

If £ (recall our convention (4.1)) has only odd frequencies then M(f) = - f(7) =

If the frequencies {nk} of f satisfy the condition : ny < 22n1 , then

2
3n1

)< (- ;) +out (— 2) =-3. This example shows that a suitable translation (say by

£ 5

2nN) of the sequence {nk} makes the problem of M(f) trivial while any translation is
of no importance at all for the problem of Uf“‘! .

It is not hard to see that M(f) can be as small as CNV 2,

Since for any N
. 1,2 1/2 o
there is N, suchthat N= —2~(N1 - Ni) +0(N"7“) we may assume that N is of the

T2 . . '
form 2—(N1 - N1). Let gx)= exp(m1x) Fauut exp(mex), 0<n;<... < nN’I, and

write
2f(x) = ig(x)}z-N= expA i( ~n)x
" #3 { My }
=2 % cosln - )
o cos(n, - n.) x.

1

Since f is a cosine sum with N = Q(N? - N1) and M) = -2— N,2C Nj/ 2 our assertion

is proved.
1/2

It is not known if there exists an f with M(f) of order smaller than N

The last example and theorem (4. 1) show that the order of the smallest M(f), when f

ranges over all cosine sums with N terms, is greater than (log N/log log N)}/ 2 and
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less than Ni/ 2. This result, despite the very large gap between (log N/log log N)1 /2
and Ni/ 2, appear's to be the best known result up to now.

Although we do not know if M(f)> C NT/ 2 for every f{ it is easy to show that
there is always a subset of {nk} such that M(g)> C NV 2, where ¢ is the cosine
sum corresponding to that subset . This is an immediate consequence of the following asser-
tion : There is a choice of signs + such that

f 1/2
(4.4) {H_—cos NX + ...+ cos anH1 =2CN/“.

Indeed +cosnX+ ... +cosngx isthe difference of two cosine sums correspon-
- ding to subsets of {nk } and (4.4) implies that at least one of them has ! Norm which
exceeds CNT/ 2 (hence the same is true for the absolute value of its minimum).

The method of proof of (3.13) (convexity of the 1P Norms) shows that (4.4) is a

consequence of the assertion : "There is a choice of signs + such that

(4.5) Hj_-cosnx—_%_—...i coanH43CN1/2”.

1
(4.5), as well as (4.4), is a well known result in the theory of Rademacher series
(see, e. g. !22 { ) and we prove it by the so called "randomization" method. Taking into

account some obvious cancellations we have

X +...+ €08 n x}4=2N

(4.6) Z |+ cosn N

4 2 2
1 { IZ{J (cosn,x)" +6 I (cos nkx) (cos njx) }

I k<]

Iy

N 2 &
<C.2 {i" (cos nkx) }
<c.2NN?,
where the summation on the left is taken over the ZN possible Choicés of signs +.

y

Integrating now both members of (4.6) we see that the average of “35 cos NX +...+ COS an! 4

is less than C N° which obviously implies (4.5).



48.

For a result more precise than (4.4) see ( bB] ).

3. AN ALTERNATIVE APPROACH TO THEOREM (4.1).

K. F. Roth gave a proof of theorem (4.1), for the case of cosine sums, which
does not depend on theorem (3. 5) ( E?Z} ). His method, interesting in itself, is di.ffer*enf
from that of Cohen, used in the proof of theorem (3.5) (in any case it is not clear what,
if any, is the relation between the two proofs). We shall give in this section an outline
of Roth's proof.

We introduce first some notation. We recall the definitions {4.1) and (4.2) and write
A= {nT s eany nN} and use the capital letters B, D, E, ... for sets of positive integers.
We further write A* =AU (<A) ‘and similarly for B¥*, D¥*, ... (as usual
-A = {x :-n € A}), For any set of integers Y we put fY(x) = 2 exp(imx). Thus

_ meyY

in particular £,y =2f. We write also M= 2M(f) for simplicity. Finally for any sets
Y and Z, )Y l will denote the cardinalityof Y and Y+Z the set {y+z 1 yeEY
and ZQZ}. |

Our objective is to show that M > C(log N/log log N)V 2. To tﬁis end it obviously
suffices to show that

16M°

4.7) (8M) > N.

Roth's argument is indirect. Assume that (4.7) is false and call t the largest

integer such that ot < 4M2 (hence ot 2M2). Then

t

(4.8) | @MP =NV4,
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The proof is now divided into two steps. In the first we use (4.8) to show the
existence of a set E of positive integers such that

(i) E is symmetric with centre of symetry a positive integer e not belonging
to E, i.e.forevery x€ E wehave 2e -x€E.

@ Iel=10wM.

(iii) For any subset D of E such that iD i > 2M2 + 1 there is a set B,
depending in generalon D, such that YB } =3 ~2M2 and D+B¥c A,

In the second step it is shown that if a set E satisfies (i), (ii) and (iii) then the
same is true for the set e+ E, andhence for the sets 2 +E, ..., 2ke +E, ...
Since (iii) implies that A contains elements greater than e we conclude that A

must contain elements greater than 2ke for any k. This contradicts the finiteness

of A and completes the proof.

Jutline of step 2. The verification of (iii) is the only non trivial point, and this

can be achieved by a counting argument. More precisely : given Dc E with
lD I < 2M2+1 we must find a set B such that 1 B* t = 2M2 and e+D+B*¥cA.
To do this we count the ineligible elements of E -e, i, e. those y€E ~e€ for
which e+ D +y¢& A. It turns out that they are less than IE [ - 2M2 and this
guarantees the existence of B. This counting is a more or less routine matter if we
observe the following property of the set E :

"For any yYEE there are at most 2M2- 1 elements of y+E not belonging to A",

Were this property false, then, using (iii), one could find two sets B, D satis-

fying the hypotheses but not the conclusion of the following simple consequence of the
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M (and hence finish step 2).

definition of

LEMMA 4.1.If BcA, DNA=0 and B-Dc A, then lB’<2M2‘

Proof. Recalling our definitions we have
) ,
BI% }
(4.9) '—M‘Q“ = {j(fB»-fD)ﬁ + —

f
<j\fB i 120 + &2
=21Bf+1MjifB§2fA*+§4J1fDfzf.A* jfoDfA* %Jf fnfas

2

Bl2-1|g]2=2]B|

21—

2 TLBIZ“

$2lBI+-1MIB1 ¥ 1—2—/1

from which IB L < 2M2 follows immediately.

The first inequality in (4.9) follows from the Cauchy -Schwarz inequality and the

f *
fact that if —Am- > 0. The last inequality is a consequence of the relations

JfoDfA* jfo‘D A

Outline of step 1. For the construction of a set having the properties (i), (ii) and

® = ]B 12 which follow immediately from our hypothesis B-D < A.

(iii) we shall need another simple consequence of the definition of M
B2

2
LEMMA 4.2. f Bc A and ‘BIEZM then Jif_B A= I

Proof. We have

2J JfB[2fA=’J‘th’2f

i 1202, L+M-MlB]

=5 { M) -

=%———M‘B|2'—%—I€-.

C“""""":t

The first inequality follows from the Cauchy-Schwarz inequality and the fact that

The last inequality is a consequence of our hypothesis iB ’ = 2M2.

f,,+M=0.

A
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We observe that M(f A) = M(f2 A), where 2A = {Za : aeA} , so that we may

assume that A contains only even integers. This assumption is made because in the

course of the proof we need the fact that all the frequencies of If A]Z, i. e. the

numbers n, — ne, are even.

Weset p =0, B =A, G = {o}. Lemma 4.2 yields
2
2 N
Jle, 12e, 20
o
Since the integral on the left is a sum of no more than N of the Fourier
‘2

coefficients of ‘fE , there is a positive integer h1 such that (recall that

o
’fE ! has only even frequencies)
o /\2
N
ion 2@n)z 3.

12 =N + ;127 exp {i(nk-nx) x} we conclude that the set
o k#EA

- — N -
Eq‘ = {nk iMp-ny = Zhi for some 3} has at least ™ elements. We set py= h1,

On observing that le

Gy= {-—h,h} and observe that it a€E,, bEG, then p,+a+b equalsa or a+2h1.
In either case py+a+ b belongs to A, by the definition of E:1 , and hence
Py E:1 + G1 c A,

Applying again lemma 4.2 we obtain

j1f31 |2 t\{cq } = jle1 2%, - la-q, In

=

The first inequality follows from the fact that le {2(1{) <N forall k, the
1

second from lemma 4.2 and the fact lG,l--G1 ] = } GT ’2 =4 and the last from (4.8)
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(assuming t= 2).

As before the above inequality allows us to define a subset E2 of A and a numbe

N
2(8M)
Pp=Py+hy, Gy= {“h2+G1}U{h2+G1}'

(4.8) enables us to continue this construction for t steps. This leads to a triple

h, such that IEZI > 2h2§ZG1-G and p,+E,+G,c A, where

2 1

(p,E',G) where p is a positive integer, G is a set suchthat G=-G and gG =2t,

N

2(8M)2t—1 )

The set E' constructed this way satisfies the properties (ii) and (iii) (with B =(

E'c A and %E‘[a Moreover we have p+V + GC A,

for every D < V) but not necessarily (i). However, again because of (4.8),

“"“"‘E‘t“'ﬂ > /4,
2(8M)

this fact and an argument similar to the one used before (this time we choose a large coeffi-

}E i > which means that (ii) is satisfied with a large margin. Using

1
cient of fé,) in order to define E1 y EZ’ ... wecanfind a subset E of E which
satisfies the desired condition (i), (ii) and (iii).

Remark. It is interesting to observe that the definition of M was used only in order

to prove the lemmas 4.1 and 4.2, on which the rest of the proof is based.

4, A RELATION BETWEEN HFH1 AND M(Re F).
The result of this section applies not only to exponential sums but also to trigonome-
tric polynomials having coefficients not less than one in absolute value (compare III 5 (iv)).
Our exposition follows ( BO] ).
Let F(x)= c1exp(in1x) ot cNexp(ian) = f(x) + ig(x), ‘Ci [ =1, i=1,2, ...D0

If we impose no condition on the sequence Mgy o.o of distinct positive

’nN
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integers then the best lower bounds of ”FH1 and M(f) that we know are of the order of
(log N/1log log N)V2 (see theorems 3.5 and 4. 1).

In our next theorem we show that
(4.‘!0) Mlog M + HF‘h 2 C log N.
It follows that either HFH1 =ClogN or M> C log N/log log N. Were it true

that ”FH < CM ‘then we could deduce that M > C log N/log log N. We shall return to

1
this point later (V.2, remark (ii)).

(4.10) is an immediate corollary of the following more general theorem whose proof,

although very simple, is based on rather deep results of Fourier analysis.

THEOREM 4;2. If cﬁ denotes the sequence ]Ck l , k=1, ..., N, rearranged

in non increasing order then

I N c§
(4.11) | miogM+lFll, = ¢ = £ -c.
k=1
Proof. The function
—— : n Ny

1
G(z) =2M + CiZ oLt 2
is holomorphic and its real part is not less than M on the circle tz l =1. It follows

that its real part is greater than 0 in lz l < 1 and hence we have

G(z) = iG' expliq), {q’ = {Argcl <

l\iiﬂ

’zl =1.

The function £ log lG [ - g = Re(F log G) is harmonic and has the value 0 at
the origin. An application of the mean value property for harmonic functions yields

Jf log lG l = J‘q g< C.fFH1

Writing f = max(0 , -£), log® Ifl =max(0 , log {f } ), observing that

f= ‘f i -2, logh If 5 < log }G I and remembering that log I G{ is harmonic with value
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log(2M) at the origin we obtain

J‘f' 10g" It | =< J\fhoglc;i

SC”FH +2 f_loglGl
< clFll MJ sl
= C”FH1 + 2M log 2M

< C(HF‘HT +Mlog M + C).

Using now the inequality (see remark iii)

N c*
(4.12) p> -1-{1-“<cjlfllog+lfl+c
K=1

we obtain (4.11).

(4.10) follows immediately from (4. 11) if we observe that lc I = 1 implies that

k
the left hand side of (4.12) exceeds C log N.

Remarks (i). The argument used in the above proof is ess;entially the same as the
one leading to a classical inequality of M. Riesz for the conjugate function ( Eﬁt()] VII, 2.10).

(ii) A general remark concerning the above proof is that it is not based on the L2
Parceval formula (which appear to be the case in the proof of theorem 3.5 and in the argumeht
of Roth given in II.3) but on inequalities property belonging to the space L log+L, that is
a space much closer to L1 than the space L2. This is probably the reason that we have
now reached (although in a conditional form) a lower bound of the order of log N and not
(log N)T/ 2.

(iii) (4.12) is due to Hardy and Littlewood ( [1 6~_l ) . A proof of this inequality can be
found in ( [40] , XII, Ex. 8 ) (the result we are looking for is not stated explicitly but is

contained in the last line of the hint given there). It can also be considered as the limiting

case of a better known inequality concerning rearrangements of Fourier coefficients of
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functions in LP ( [40] , XII, 5.10) and proved by the so-called extrapolation method

(la0], x1, 4.41).



V. SEQUENCES GROWING SLOWER THAN POWERS.

In this chapter we examine briefly the problems of Hf“1 and M(f) when the
sequence {nk} satisfies the condition n, < kA.

I INTRODUCTION.

The difficulty of the problems treated in the previous chapters is due to a large
extent to the arbitrariness of the sequence {nk} . We have seen for instance that in the
- case of arithmetic progressions or lacunary sequences it was relatively easy to obtain good
estimates for the various 1P Norms of the corresponding exponential sums.

Arithmetic progressions, after a trivial change of variables, correspond to the most
"dense' sequences {nk}, while lacunary sequences cpr‘respond to "sparse" sequences.
There are results on some intermediate cases scattered in the literature. In the following

sections we isolate and examine briefly one of these cases. For some other cases see ( E24])

and ( [29]).
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2. L' NORM.

Let 0< n, <...< N < ... be an infinite sequence of positive integers. In

1954 R. Salem ( B4] ) proved the following

THEOREM 5,1. If n, < ka, where a is a constant, then

k
. 1
(5.1) lim sup J‘ COS 1,X +...+Cos n_x |dx > 0.
Nsw  (log N)/2 1 N
This result means that if {nk} grows slower than k% then there is an infinite
(e o]
number of partial sums of the (infinite) exponential sum Z cos n, x for which the estimate

1 K

(log N/log log N)T/ 2 canbe slightly improved by dropping the factor log log N.

Outline of the proof. The main idea is to use the following result of Menchoff ( [28]) :

"Let Qs k=1, 2, ... be an orthonormal system on (0, 27). The condition
2 2 N
Z Ecki (log k)" < « impliesthat T Ck qk converges almost everywhere and this
k=1

result cannot be improved".
The last clause means that given any function q(k) such that q(k)= O(loggk)

then there is an orthonormal system 9 and a sequence C such that 2 ‘ck Pq(k) < o

N
and z €y Y diverges on a set of positive measure.
k=1

For any orthonormal system Q) Salem. considers the two dimensional orthogonal

system {qk(x)(cos nkt)(zp(t))vz} where ¥(t)= z.bn(t)) =1+ sup {cos X +. ..+ COS 1 X }
i<k=sn

and applies Bessel's inequality to a suitably chosen function P(x,t). The result is an

inequality which is equivalent (by duality) to :

n iz
2 c . q
k1kk

(5.3) sup

<c(z le 1P fl
| e o C ogm max( cos n X+ +cosnkD

for any sequence {ck} .
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Assuming now that (5.2) is false and using the hypothesis m, <k® we see that
12

the second member of (5.3) is dominated by : C(Z ?cn ) (log n)2p(n), where p(n) 30

as n 9, However from this form of (5.3) one can conclude that the condition

Z e, |2(10g k) pli) < =
N *
implies the almost everywhere convergence of Z S cpk . This contradicts Menchoff's
k=1
theorem and completes the proof.
It is interesting to observe that if we consider exponential sums instead of cosine
sums in theorem 5. 1 then we can restrict ourselves to finite sequences and drop the

hypothesis m < k%, Moreover the proof will be an almost immediate corollary of Paley's

theorem (II1.th. 3.2). More precisely we have

THEOREM 5.2. If 0<n,<...<ny, then

(5.4) sup ”exp (in x) +...+exp in x”1 = C(log N)l/2
1=k=<n

Proof. If {ﬁk} contains a lacunary subsequence of length log N then (5.4)
follows immediately from Paley's theor*ein; This is not in general true. However we can
always find a number k, and a subsequence {m1 y Moy } of {n1 g eee nN} such
that either {mk-mk_1 p MMy oy ey mk—mx} or { m. 17Myes ee ey MM k} contains
a lacunary subsequence of length greater than C log N. Assuming this and using Paley's

theorem we see that either Hexp(in1x) oot exp(z‘urxkx)“1 or ”exp(in,lx) Fot exp(inNX)H 1

* This follows from a standard argument in harmonic analysis. For many operations T
defined on normed classes of functions the convergence almost everywhere of T f w111

follow from the condition that Hsup T f” < CH H
n
** As I learned from a conversation with N. Varopoulos this result was known to A. Beurling.
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exceeds C(log N)V 2.
In order to prove the existence of n we write A = {n1 PR nN} s }B l for
the cardinality of any set B, and argue as follows :
We partition the interval Io = };1 , nN] into 2, 4, 8,... equal closed intervals
(These intervals are disjoint except when they are adjacent in this case they have exactly

one point in common). We stop for the first time when k is the first integer such that

elements of A. We observe that we

12

the 2k equal subintervals contain less than
need at least two steps before reaching this stage. In the previous stage there is an inter-

val containing more than 413]- 1 elements of A  and hence we can choose an interval I1

of the kih partition such that § s 'Iiﬂ Al < 3. Theunionof I, and its two
neighbours contain at most BEN elements of A. Hence we can choose an element m1€A
whose distance from I1 is greater than ]I,] ’ . We repeat now this construction starting
- from 11 and continue in the same way. We obtain a sequence IO, I1 , 12, ... of intervals
and a sequence of points m, m,, ... of A suchthat : Io > I} >,
1 l>2 11}(—{4 ¥ distance {m ,1.}= hk |, ana IIR nals S—T{. It follows that
’Ik NA ’ >1 if n= Lo—-é——g log N:} . It is clear nogla«:ither to the left or to the right of

mn‘ there are C logN elemenis of A whose distances from m , ascan easily be

seen, form a lacunary sequence.

REMARKS. (i) Both theorems 5.1 and 5.2 remain valid if we replace the cosine or
exponential sums by real or analytic polynomials with coefficients not less than 1 in
absolute value.

(ii) It is not clear if theorem 5.1, without the hypothesis n, < ka, ~can be derived
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from theorem 5.2. This would obviously be the case if the second inequality in

(5.5) CHCOS n1x +.. .+ COS anH1 < H sinn X +...+ sin anH1 < CHcos n1x +v. ot COS an!

i

were true. It is a simple consequence of a théorem of Zygmund ( Dol VII, 2.9) that (5.5)
is true if we replace the constants by C log N to the right and C(log N)-1 to the left. It
appears that, a part from some trivial cases (e. g. lacunary

sequences {nk} s My = 1 (mod. 4) etc), this is all that we know about the constants in
(5.5). For some related problems concerning (5.5) with cosine and sine polynomials having
positive coefficients (not necessarily equal to 1) see ( [20_1 ) and ( L27,J , p. 11).

We note in passing that if (5.5) were irue then we could conclude from (4. 10) that

log N

M>CloglogN '

3. ONE SIDED LY NORMS OF COSINE SUMS.

Salem's theorem and (4.3) imply that ‘if o< n, < n, < ... and . < ka then
there are infinitely many partial sums SN(X) = COS IUX +...+ COS n X such that
M(SN) > C(log N)V 2 Much better results can be obtained if we assume in addition that a

is close enough to 1. This will be a consequence of the following

THEOREM 5.3. Let Sk(x)=b0+b1-cosX+...+bkcoskx, k=1,2, ..., N,

and assume that b

K = 0 and Sk(x) 2 0 fo all k. There is an absolute constant

a, (=0,308...) suchthatforevery d € (0, ao) - we have

N b
k
(5.6) T g <53 b,
k= n o

—

Theorem 5.3 is due to Selberg ( [6] ; sée also [2] and [41)
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Fourier series with positive partial sums have been examined, from a different
point of view, 5y other authors (see e. g. EﬁO] , X111, § 4). Selberg's proof is based on
an interesting argument which has also been used in order to characterize those series of

cos nx whose partial sums are uniformly bounded below ( Elol v, 2).

ol =

o o}
the form z
=1

n n

We take theorem 5.3 temporarily for granted. Let {nk} be the sequence defined
at the begining of this section and let us apply (5.6) with b o T M= sup M(Sk) (so
k=1,...N
that the hypothesis of the theorem is satisfied) and bn =1 if n€ {n1 g veey nN} , bn = (

otherwise., We obtain

N 1
(5.7) Mzc(ao-d) T o
=1

Thus the supremum of M(Sk), k=1, ..., N, exceeds N*‘““‘d)‘

We
observe that the exponent 1-a(1-d) can be equal to any number less than a_, provided

that a is close enoughto 1.

Proof of theorem 5.3. We define first the number a o We write

m/2
q(t)=JJ Costx dx, 0<t<1
O X

“and observe that q(0)< 0, q(1)=« We shall show that q'(t)<0, 0<t< 1, andso
q will have exactly one root a, suchthat 0<a o < 1. Moreover it will be clear that if

0<t< ag then ]q'(t) ! < C. Observing that Coi X isa decreasing function of x
X

in E) ’ gl we obtain



1 cos x 7/ 77/2
log - > log - = (
X Jo

> cos 1 {J log - - jﬂ/Z log x} > cos 1{1 - (72—7— 1)} > 0.

We observe that ift 0<d<a_  then q(d) < 0.
We define now the functions h _, h on [O 3 77] by setting :
o 1 " hN r y g:

4 on LO , ZNI and zero elsewhere,

hN(x) = X

_,—d 3w
hk(x) =X on sy 2k] and zero elsewhere.

Our hypotheses imply
N
(5.8) 0= Sy +Sqhy +.. .+ Syhy = bo(h1 ot hN) + mf1 bm(hm ..+ hN).

Integrating (5.8) over E) , 3m _l we obtain

dx

37 /2 N 37/2m
0<b J X, oo j cos mx
o m d

d
o X m=1 o) X

N b
=Cbo+(2 _d)q(d)
m—1m

from which (5.6) follows immediately.

REMARK. If d< 0 then (5.8)is still valid, provided that we remove the factor

-—L from the second member.
ao_d
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