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ASYMPTOTIC ANALYSIS OF VARIATIONAL PROBLEMS

; WITH CONSTRAINTS OF OBSTACLE TYPE

HEDY ATTOUCH, COLETTE PICARD

The purpose of this work is to give a complete presentation with
some improvements and new developpements of a recent paper of E. De
Giorgi [14] : r-limit of obstacles.

Chapter I - Approximation of convex lower semi-continuous functionals.

1. Yosida approximation

2. Statement of the theorem : approximation of a convex,
1sc, functional by an increasing sequence of polyedral
functionals

3. The dual statement ; a Galerkin procedure for convex lsc
functional

Chapter IT Integral representation of unilateral constraints.

Chapter IIT

r-1imit of obstacies. The quadratic case.

Chapter 1V r-Timit of obstacles. The non quadratic case.

Explicit formula for periodical obstacles.

Chapter V r-1imit of bilateral constraints.

Problems with holes.



: INTRQQQQTIONni

The origin of this paper is the following problem :
lLet us consider a variational inequality, with a constraint of obstacle-
type, the obstacle depending on a parameter n < IN ; for example

(1) Min {[ 10u]? dx - J fu dx} .
n urg, ‘0 9)

1
Ue:HO(Q)

When g,, converges to some function g , what can we say about the
solutions u(gn) of the corresponding problems (In) ?

The answer depends obviously on the topology for which the convergence
of the sequence (gn)nem holds. :

On a very simple example, one can see that even if the (gn)
are regular obstacles and the constraint u %9, is taken almost

neN
everywhere one will need tools of potential theory, more precisely of
capacity theory in order to interpret the limit problem (I).

Take in one discussion the following 9, 3 clearly 9, —> 0 almost

everywhere but the Timit problem B is

1
(1) Min {J |Du|2 dx - J ful \
U(%)Zl f f 19,
ueH_ (0) 1
Q=]0,1[ﬂ. 0 ‘ i;,

1/2-1/n 1/2 1/2+1/n

i.e. the 1imit constraint is not taken in the sense almost everywhere,
and one has to use the continuous representant of u (more gerenally

the quasi-continuous representants of u) in order to interpret the limit
problem.

Concerning the determination of the Timit problem, we can distinguish
two types of results : "stability" and "non stability" results.



A. In the first type of results 9,, converges to g 1in a strong
enough topology in order the 1limit problem to be

(1) Min J »|Du|2 dx - J fu}
uzg Y Q

1
ueHO(Q)

i.e. u(gn) —~ u(g) ; that's what we call a stability result.

Concerning this problem one can find an abundant litterature [1],
8], [9], [3] . In [3], using recent results of potential theory,
the authors proved the equivalence :

when 9,> 9 are quasi-continuous

Vet u(g,) — u(q)

@ 2 2, 2
g, — 9 in L7(C) i.e. J C (|gn-g|>t) dt® — 0.
0 oo
(A11 the notions of capacity are relative, in the situation described,
to the capacity defired from the norm .| 1 .
H_ ()
)
A useful critera which assures the convergence of 9 to g in L2(C)

is the following (cf.[20] , [3]) :
‘ 2
. , . L4
(gn —~ g 1in w—w1 p(Q) with p>2) = (gn ——l—lrg) .

B. The second type of results concern the situations where there is
no stability in the sense of A, but for which there exist a limit
problem. In [8] , Carbone and Colombini studied in detail the following
situation.

In two dimensions



1
Q =’JO,1[_X':|O,1[ R olojo oo |o
Tet 9, = 1 on the balls centered ojlolojojo o
in each small squares, and of radius 01010010 |0
2 . olololo]ojo
& - ™" and g, = 0 elsewhere olojolofo]o
ololojojolo
R e
0 1/n 1

In 8] , they proved (cf. also Murat and Cioranescu [11])

Min {J |Du}? - j fu dx} —> Min {J Du? dx +27 J[(u;u‘jz.dx
uzg, 9 Q f

uzo
- u dx
Q

i.e., in the limit problem, we find an extra-term which we can interpret
as a penalty-term, with finite values, relatively to the constraint wu3l

C. A natural problem is to understand the .full significance of this
phenomena, and to interpret in a unified way the parts A and B :
this may be summurized in the following way :

" What g the closure in variational sense of the constraints of obstacle
type " :

In [14] , De Giorgi gives a first and sharp answer to this problem in its

full generality for a quadratic energy functional

(%) Min. {J Dul? - J fu dx) —> Min {J IDu|2dx + J 50x50(x) ) du(x)
uzg, ‘9 Q ueHl(Q) Q Q
0

1
u H ()
0 - JQ fu dx + v(Q)}

. -1 o~ . R
where u,v are positive Radon measure, ne= H =~ , U 1is a quasi-
continuous representant of u , j 1is convex, 1sc, decreasing with
respect to u .



That's the most general form of the limit problem when starting with
problem (In) ; one would mention that there is no assumption of
convergence on the 9, » and that this result has to be interpreted
in such a general setting as compactness result (i.e. 1 (nk)ke:m
such that (%) holds for this subsequence).

In this article, we give a complete presentation of this result ;
the basic idea of the proof is the same as in De Giorgi's proof and
the technics are relevant of I'-convergence theory. We improve the
De Giorgi's results in the following directions :

Introducing new tools in the approximation theory in convex
analysis we clarify and simplify the part of functional analysis in
the proof and allow the attack, by the same method, of many other
problems in variational inequalities.

We extend (but, up to now, not in such a general context) the
results to the case where the energy functional is not quadratic (for
example, J DulP dx) .

Q .

In the case where the coefficients of the energy functional are
rapidly osci]]ating'(for example IQZ aij(é) %%;'%;T, dx) combining the
preceeding technics with tools of compactness by co%pensation (cf.
[191) we can describe the 1imit problem.

The general theorems of the I'-convergence theory being, by nature,
compactness results, we show how to use these results in order to compute
precisely the limit problem.

Finally, we prove that the bilateral constraints problems and
particularly problems with equality on "holes" can be deduced very simply
from the preceeding unilateral results.



I.1

CH.I ~ APPROXIMATION OF CONVEX LOWER SEMI-CONTINUOUS FUNCTIONALS

Let V be a general real Banach space, "'HV the norm in V ;
Tlet us denote by V' its dual and <. the pairing between

VY and V'

s->(V| 9V)
The duality map H : V — V' is defined by :

(1.1) Hv) = (F< V' / Dflye = vl and <fous -5 .

V',Y)

From the Hahn-Banach theorem, for every -ve V , H(v) is non void.
Moreover, H = a(%-ﬂ.nz) , the subdifferential of the functional

1 2
v —> -Z'HVHV .
Let F:V — ]-o,+0] a proper functional (i.e. # +=) ;
for any A>0 , we define FX its Yosida approximation :

(1.2) Fy(v) = Inf {F(2) + 5 Jv-z |2}

zeV

Let us examine the properties of Fk in such a general context.

(1.3) Lemma

Let V a general real Banach space and F : V —= |-@,+©] a proper,

lower semi-continuous functional on V satisfying :

3 B832o0s.t. ¥oev Fo)+ a”vuz + B >0 ; then,

a) yz)é: v, FX(U) T F(v) as X decreases to zero.

b) A 0, %zgz)ez v, |Fx(u)—FA(v)l < %—C(ﬂu[LHle.”u—v[{.
where C(llul[,]lv][) =c, !Iul[ +c, | vl + ¢ c, €R"

, with Cyr Cyr Cy

3
Proof :

. s 1 2 .
a) By definition, Vze v, Fo(v) < F(z) + ?X»HV-ZH ; taking z = v




[.2

we get F (v) < F(v) , and (1.3)bis sup F,(v) < F(v) .
A 150 A

By definition of the inf, for every >0 there exists = V  such
that

2

(1.4) FA(V) < F(zy) + é%-ﬂv-zxﬂ"»s Falv) + A

Since F(z) + alz]? + 8 30, (1.4) implies
lz,~vI® < 2 [sup F,(v)#2alz,-v[P+2alv]+e]
A

If sup FA(V) < + o , this implies :
A>0

s=V

(1.5) zy, —> v as A — 0.

From (1.4) F(z,) < sXp Fo(v) + X 5 making X -» 0, from the
strong lower semi continuity of F , and (1.5), it follows

(1.6) F(v) <€ sup Fk(v) .
A>0

From (1.3)bis and (1.6) F(v) = sup FA(V) .
A>0

If sup FA(V) = + o, from (1.3)bis F(v) = + « and there is stiil
equality.
In any case Fk(v) +F(v) as A+ 0.,

b) let z, & v, z, € D(F) i.e. F(zo) <+ 3 Jet u,veV
_ 1o o 12y o s
Fx(v) = 225 {F(z) + ?X’”V z|°} 5 given e >0, —>0
for every ke IN , there exist z & V such that :
(1.7) F.(v) < F(z,) + 1 |v-2z HZ < Fo(v) + ¢, < F(z)) + 1 flv-z nz + €
’ VAR k iy k= ") k> "%’ " 2x 0 k*
By the same argument as in part a), we get :

-z, P < 2[F(z ) reyallzy IP46) + fv-z,If



I.3

and this implies that

(1.8) lz, | < C(vl) independently of X (for X.Gi]O,AO[ , A <)

and ke N , with C([|v]]) = ] vl + c, (cj» ¢ € RY)
By definition of Fx(u)

Fy(u) < F(z) + gxlu-z, I

< {F(z)+ ‘%X"V'Zk P+ %X{llu-zkllz-llv-zk I°y
so from (1.7)
Fy(0) - Fy() < g + 5y -z [P-lv-z, P

by definition of H
‘2

1 2 :
7"V'Zk" ;-%"u—zk) + <H(u-zk),v-u?(v.,v) ;

so
Fou) = Fy(v) < g + 3 [H(u=z) ] v-u]
< g + 5 luz L v-ull 5 from (1.8)
< g + 5 [lulscavil dv-ul -
Making k —> +=,e, > 0 and echanging v and u , we finally get
Fy(u)=Fo(v) | <5 cClublvl . dv-ul

where  C(llull 1 vI1) = ¢ Tull + ¢, [Vl + g

(1.9) Lemma : Let V a general Banach space, and,

F, G:V —- ]-u5+«ﬂ two convex lower semi—continuous

proper functionals satisfying :




1.4

() Gs F

(12) 1 (gi)v,'c.ﬂv a dense subset of V such that :

V 2w, G,(g;) » Fylg;) then, F =G .

Proof of Lemma 1.9 :

prove

From (i), F> G ; let us¥'the converse inequality :

From (1) ¥ ie N, 6(g;)> Fylg;)

From the lemma (1.3)b and the density of the sequence (gi)iez N
in V it follows :

(1.10) V ve V, Gl(v)> Fl(v) .

From (i) Gy< Fy so, finally, Gy =F, .

Now we remark that for any functional G

(6,0% = (67 3 1-1% = 6% w2 (115"

So the equality G1 F1 implies that
%+ 2(1.05% = FF s 20115 e

(1.11) F* = 6% and FX¥* = ¢® ; since F and G have been assumed
convex, t.s.c., F = A% , G = 6**  and finally

(1.12) Remark

(a) The conclusion of the Lemma 1.9 still holds if, instead of
taking in (ii) the Yosida index equal to one, we take it equal to some
Ao © 0.

(b) If F and G are only assumed lower semi-continuous, the
conclusion of (1.9) is still valid under the assumptions :
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(i) GsF

(11)p5¢ 3(94); = gy @ dense subset of V , 3 (kj)j - N
a sequence }; ¥y 0 such that
V (f.y)e N x m, G, (9 > Fy (99

Now, we can-state the main result of this chapter :

(1.13) Definition

Let V a reflexive Banach space with a strictly convex norm, and
F:V —» J]-o.4w] a convex. lower semi-continuous proper function.

let V250, ¥ vev, F}\(v) = Inf {F(z) + %7 “v—znz}, this minimum
’ zeV

is achieved at a unique point that we shall denote J;(v) :
1 | STY4
(1.14) \21 >0 , \f ve V, Fk(v) = F(Jiv) + ?Xllv—J vii®,

From the classical theorem of additivity of the subdifferentials,
JF(v) satisfies the extremality relation :

A
(1.15) oF(dhv) + 3+ H(Ev-v) 30 i.e.
(1.15)bis S Hiv-0fv) e aF(afn)

(1.16) Theorem

Let V a reflexive. separable Banach space and

F:V — ]—oo, +°°] a convex, lower semi-continuous proper functional.

Let (9;); o

we define :

a_ dense, denumbrable subset of V : f_Qr ay e W

(1.17)  wu,= J5(g,) and

v / 1 _ _ -
(1.18) Viem, foem, F'(v)=Flu) +<dlg, u),v w2, vy
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Then, F = sup F* ; comsequently, defining
TV

F = sup 7 s (Fr)r

I<igr

18 an increasing sequence O
emw B g seq of

polyedrcl, convex, continuous functionals converging to F .

Proof of Theorem 1.16 :

. F F
From (1.15)bis  H(g;-u;) = H(gi'Jl(gi)) G;BF(Jl(gi)) = oF(us) 3
so, by definition of &F :

Fvev . F(v) » F(ui) + <H(gi—ui),v-ui> = F1(v) H

' and, (1.19) F > sup Fl o= sup F' .

ielN relN

so VieN. F>F
Now Tet us prove that :
(1.20) C(F(ey) = Fyly) 5

. P 1 2
Min {F'(2) + 5= [9.-z|}
zeV 7 1952l

—
g
e
Nt
p—
—_—
€
-
~—
"

by definition,

Mi\r; {<H(g;-us)z-up + %X lz-g, RE Flug) -
e

It

This minimum is achieved at a point z; such that :

H(gi”ui) =‘H(91"Zi) .

Since H 1is strictly monotone, Z; = Uj and,

(Fi)l(gi) = %7 \Iui-g,-!l2 + F(uy) = Fy(g;) i.e. (1.20).

(1.21)  So, (sup F9),(g;) > (F1) () = Fy(gy) -
: J

From (1.19) and (1.21) sup o< F and

L Vien, (5w ), (99 > (F)ylsy)

N
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so, from the Lemma (1.9) it follows :

F=supFJ = Tim 4 F"
jelN r++ e

(1.22)  Remarks
Let us discuss the signification of the Theorme (1.16).

a) We know that every conyex lower semi-continuous functional is
equal to a supremum of continuous affine functionals :

(1.23) F=F* oo ¥vaeV  F(v) =sup {<v,f5,y yiy - F(F)} -
feV' (VsV')

The Theorem (1.16) tells us that if the space V is reflexive and
separable any conyex, l.s.c., proper functional F is equal to the

supremum of a denumbrable family of such affine functionals (Fi)iez.m

Moreover, we can take for the (F1)izs N affine functionals, whose graph
is a supporting hyperplane to the graph of F .

The Theorem tells us how to construct such (Fi)iem

Take (gi)iehl any denumbrable dense subset of V , and Ao > 0.

F . i 1
Let wu; = JA0<91) and F'(v) = F(ui) + X;'<H(gi'ui)’v-ui> .

We remark that H(gi'ui) e:BF(ui) ji.e. F' dis a supporting hyperplane :
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We emphazize on the fact that one has to construct these supporting
hyperplanes in a precise way, through the resolution of auxiliary
variational problems involving F :

The simpler argument which would consist taking any dense family
(fi)i = N in V' and writing (1.23)

Vvev. F(v) = sup {<v,fi> - F*(fi)} is not correct,

since two convex lower semi-continuous functionals may be equal on a
dense subset of V and be different ; for example, take

Vet¥e) . F(v) = vl . O(F) = Hi(g)
H(9)
6(v) = IVl ;> D(6) = Ho(9)
THC(9) °
then G=F+ T » G=F on Hé(Q) which is dense
{ue:Hl/ulBQ =0

in L2 but G # F!

b) The interest of such approximation result is that we have succeded
writing any convex,l.s.c., proper functional as an increasing limit of a

sequence of convex, continuous, polyedral functionals (i.e. regular

functionals with a very simple geometry ; by polyedral, we mean a supremum
of a finite number of affine functionals).

Moreover, we know to construct in a precise way these polyedral
approximations. We shall see in the next chapter how to use this tool
in order to obtain a representation theorem for a class of functionals.

Let us examine the geometric interpretation of the Theorem 1.16 when F
is equal to the indicator function of a closed, convex, non void set K
in V.

(1.24)  Proposition

Let K a closed convex non void subset of a reflexive Banach space V .
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be a dense denumbrable subset of V ; then K = n ‘Ki

Let (g.).
g’b 1elV

- €V

where K. 1s the half-space containing X :

K. = hev/ <H(g7:—progK gi), vprod, g.> < 0}

Proof of Proposition 1.24 : | /

From the Theorem 1.16, taking <\\f—¢/ ;/i; .
F=1IK{O on K a - pmﬁK%

5 (95)
+o elsewhere 173N
dense subset of V , (>\J.)J.€]N a
sequence, 1, y 0 , we have :

1
% va V, F(v) = sup F,.(v) = sup {F(u,.) + +=<H(g.-u..:),v-u..>}
i, W i, jeNx N 0 Ay TR
where wu.. = JF (g9.) i.e. u minimizes : F(z) + 1 ”z—g.uz that
i3 = O ey - Zxg 19l

is to say ujj = Projy g; 3 since F(uij) = 0 we obtain

Vvev, F(v) = sup {%—-<H(gi-prongi), v-proj,g.>}
i,jelNX ]N j
M (v) =F(v) =sup T, (v) =T~, (V) i.e. K=Y K
: jeN & 0K g
where K. = veVv/ <H(gi-nrongi), V-projyg.> < 0}

(1.25) Remarks

a) The Proposition (1.24) tells us that in a reflexive separable
Banach space, given a closed, convex, non void set K , one can find a
dense denumbrable subset of K (in its boundary) such that K 1is equal
to the intersection of supporting hyperplanes to K at these points.

Moreover, one can take such points (u_i)1.€__]N in the following way :

take (gi)ie:N a dense subset of V , us = prongi and for a normal
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vector of the supoorting hyperplane at u; H(gi-ui) .
b) One can consider the Theorem (1.16) as a corollary of the
Proposition (1.24) ; applying the Proposition (1.24) in V x R and to

the closed convex set equal to the epigraph of F , one can refind (1.16).

Finally, let us look to the dual fromulation of the Theorem (1.16)."

(1.26) Proposition

Let V a reflexive, separable Banach space .

Let F :V —> ]-w,+o| a convex, lowver semi-continuous, proper

functional and (g.) a dense subset of V .

eV

We define for any re I , Ei‘ = Conv Lua = JZ;(Q,;) / Igigr] and
- gF on Er,
+o  elsewhere.

Then, the sequencé (F") is a decreasing sequence and F is equal

r e W

to the lower semi-continuous regularization of Inf F. In other words,
rell

Fp converges to F in Mosco sense.

Proof of Proposition 1.26 :

Clearly, the sequence F" decreases to the functional G equal to

reN T

éFon ' e

i

 +o elsewhere .

So, (Fr) converges in Mosco sense to the lower semi-continuous

reN
regularization of G (cf. Mosco [22]), sc (G) .

Let us prove that sc(G) = F :

Clearly, for every re N, F <« Fr so, F < Inf F" =6 and since F

reN
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is 1.s.c. , F ¢ sc(G) .

Let us assume a moment that we can prove the following property :

S—=V.
v v and

(1.27) YveDd(F), Jv,e £, such that v,

F(v) = lim F(Vr) .
r-too

From (1.27), it will follow that

Vvev, F(v) > 1im sup F(vr) > 1im inf G(vr) (since G =F on U Er)
> sc(G)(v) (by definition of sc(G)) .

Let us prove (1.27) ; let us assume first that v < D(3F) ; then

Jf<dF(v) and v+ F(v)mf+v ie. v= Ji(v+f) (we assume for

simplicity that V 1is a Hilbert space which is identified with its dual :
t

H=1d") .

From the density of the sequence (91) in V , we can find a

ieN
sequence (hr)rez N hrez.{gl,...,gr} such that h -;::: v+f.
From the continuity of Jq
Ji h,=v, —> Ji(v+f) =v and v, belongs to E.
oo .
Moreover, from Lemma (1.3) Fl(h Yy ——= F.(v+f) ; since from 1.14
v T e 1

Fy(h) = F(afh ) + 3 h - Jihruz

F’

1(V+f)N2

Fy(vf) = FIL(vaf)) + 5 [[(vef) - 0
and Ih_ - 3fh P — [[(v+) - 3 (vf)|? it follows that
FEITh ) e FOIT(w)) = F(v) de. F(v) == F(V) .

So, (1.27) is proved when ve& D(5F) .
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Now we use that if v =D(F) , there exists a sequence vk<;.D(8F)
such that v, — v and o(v ) — o(v) :

take for example a sequence (Ak)k =N ° xk - 0 and

F s-V

Vk=\JAkV mv;

one can verify that

F

Now, we can conclude by a classical diagonalisation argument :

VoFV)Y o sF(v))
| e

{v,F(v)}
From [ 1] Temma 1 > there exists a sequence r - k(r) such that

(Ve(ryF OV ry)) mr (VF(YV))

_.r . s-V
and we take V. = Vk(r)é; Er PV o Vo F(vr) — F(v) .

(1.28) Remark

Let us explain why the Proposition (1.26) is a dual formulation of
the Theorem (1.16) ; by the same way we shall get an other proof of the
Proposition (1.26).

(1.29) F=Timf F" = F* = sclim | (F)¥*] .

Let us compute (Fr)* » that is to say the conjugate functional of a
polyedral functional :

V f e V* ,(Fr)*(f) = sup {<f’v> - Sup {F(u_i) + <3F(U.),V-Ui>}}
veV Leigr ’
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= JF - -
where ug = Jl(gi)’ BF(Ui) = H(gi Ui) .
Since F(ui) + F*(aF(ui)) = <u1’3F(u1)>(V,V') we get

(1.30) ¥ f= V5, Yre N, (F)R(F) = sup inf {<F-aF(u;)avs + FX(OF(u))}
veV lgigr

Let us prove that
(1.31) D((F")*) = Tonv {oF(uy) / i=1,...,r} ;

clearly Vie {1,...,r} , from (1.30) (F)*(eF(u;)) < FX(aF(u;)) 5

3

since (Fr)* >F" , it follows that :

(1.32) Vie_{l,...,r}, (F‘”)*(aF(ui)) = FX(oF(u3)) 3
since \Fr*' is convex its domain is convex and
(1.31)bis D(F'*) > Tonv [8F(uy) / d=1su.usr)

let us prove the opposite inclusion : let fsi Conv {BF(ui) [ is...sr} s
from the Hahn-Banach theorem there exists voe:V such that :

<f,v > > Sup <3F(u.),v. >
° 7 1gigr oo

So inf {<f—3F(ui),v> > 0 , which implies that
Igigr '

sup “inf {<f—BF(u_i),V> + F*(BF(U_l))} = 4+ o
veV Igigr
and from (1.30) this means that (Fr)*(f) = + o3 so (1.31) is proved.

Since the complete description of (Fr)* on its domain is rather

complicate, we define the functional G' :

] FX(f) if fe Conv {oF(u;) / lgicr)
(1.33) G (f) = b

+o elsewhere
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then,
(1.34) e ¢ (FN*.
The first inequality is clear from (1.33) ; the second one follows from
D(6") = D((F")*) and G'(f) = F*(f) < (FOYX(F) on D(6") .
From (1.34) it follows that :
(1.35) F* = sc [lim y6"] .
Now we remark that.
F P
(1.36) Sy = Jl(gi) = 3F(ui) = J1 (gi)

(in order to prove (1.36) one use the definition of Ji and the property
(oF) "L = oF%) ; finally
*

P 'F*(f) if f< Conv {Ji (g_i) / lgigr}
(1.37)  &'(f) =

+o elsewhere.

From (135) and (1.37) taking G = F* , we refind the conclusions of the
Proposition (1.26).

(1.38) Corollary : A Galerkin procedure for lower semi-continuous functionals.

Let V a separable reflexive Barach space, F :V —» |~w, 4| a

convex, Llower semi-continuous, proper functional which is coercive.

Let (gi)isjzv a dense subset of V ; we define

ficm, w =) ad

Prem, E, = Comv {JZ;(gi) / 1gigr}

Then, for every fe V'
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Min {F(v) - <f,v>} ——= Min {F(v) - <f,v>} .
veEr >t el

Proof of Corollary (1.38)

It is a direct application of the Proposition (1.26) :
Flr=F + 1IE converge in Mosco sense to F .
r
Since F' 3 F and F is coercive it follows (cf. [22]) that
V'Fe:.V', Min {Fr(v)-<f,v>} —> Min {F(v)- <f,v>}
veV veV
(1.39) Remark :

We saw that, geometrically, the Theorem 1.16 corresponds to an
external approximation of a closed convex set ; its dual formu]ation
corresponds to an internal approximation :

F
7 u; = Jl(gi)

Let us illustrate the flexibility of the preceding approximation methods :
given K a closed, convex, non void set in a separablie, reflexive Banach
space, we shall denote :

Kh its external approximation : K = (ﬂ‘ Kh given by Proposition 1.24 .
helN

Kh its internal approximation : K = U Kh given by Proposition 1.26 .
helN

(1.,40) Proposition

Let & :V — J—a5+aJ a convex, lower semi-continuous, proper
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functional.
a) Then, ¢+ Kh ’T o+ ¥’ therefore (o+21 Kh) converges
heNN

to ¢ + ﬂ]{ in Mosco sense and ©f ¢ is coercive

b/f'e V', Min {¢p(v)=<f,v>} T Miz {d(v)=<f,v>} .
V€.
vE

b) Let us assume moreover that ¢ <is continuous at a point v, €K ;

then, (o+71 X ) is a decreasing sequence which converges in Mosco
- hheW

sense to ¢+1 x4 therefore if ¢ is coercive

Vre v, Min {6(v)=<f,v>} = Min <6(v)-<f,v>} .
veKh vek

Proof of Proposition (1.40)

a) Clearly ¢ +1 h ’f‘ o+ 7 K 3 it follows by a classical argument
K

(cf. [ 7)) that (¢+1 h) converges to ¢ + T, in Mosco sense ;
K

heN
b) Let us prove that (¢+T K ) converges to ¢ + W, in

hhe N
Mosco sense :

™ 9N v, Timinf (¢+0 Kh)(vh) > Tim inf ¢(v,) + Tim inf A (v, )

h
> o{v) + T K(V) .

Let us take voe.K such that ¢ dis continuous at Vo 3 then

Vo & Int D(8) » D(¢) > B(vyap,) 3
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Let us take V<z:D(¢)t3 K and let us find a sequence (Vh)ruez N
such that :

(wHKMv)= Tim (&HKQ(W)

hostowo

Let v, = tv + (l—t)v0 ; then vté:.Int(D(¢)) and ¢ is continuous at

t
. t t
Vi 3 let (vh)h o @ sequence, v, GiKh such that

v; s=\ vt (we remark that Vi € K, so v; exists!)
t t
then, d)(Vh) W d)(v ) .

On the other hand, by convexity of ¢

B(vy) < t o(v) + (1-t) o(v,) -
When t — 1, since ¢(v0) < + o
li? sup ¢ (vt) < ¢(v) ;5 since Vi =PV by 1-semi-continuity of ¢

o(v) < li? inf ¢(vt) ; SO ¢(vt) =7 #(v) ; we have the following

diagram :
(vhotvh)) B R (v a(v))

htoo
|

(vsd(v)) .

By a classical diagonalisation argument, there exists a sequénce (th)h =N
such that
th th th
(Vh ’¢(Vh )) —E:;;j>~ (v,0(v)) and v, € Kh .

So ¢ + 1 K —¢ + 1 K in Mosco sense.
h
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(1.41) Remark

a) The interest of the preceding Proposition is that, since one can
construct the approximating convex polyedral sets Kh or Kh , one can
directly apply this approximation procedure to the minimisation of any
convex (continuous at one point when working with Kh ) T.s.c. functional
on K.

b) One could also by the same technics approximate evolution problems
governed by subdifferentials of convex functionals.



(CH.II INTEGRAL REPRESENTATION OF UNILATERAL CONSTRAINTS
| .

In this paragraph we shall denote
Cm the family of the open bounded subsets of @ .

Bn  the family of the bounded borelian subsets of @ .
- ylsp
vV = wo (Q) 1<p<too.

As we shall see in the next paragraph, any "variationa! limit" of
unilateral constraints has the following properties () .

Our purpose, in this paragraph, is to obtain an integral representation
theorem for the functionals of () :

(2.1) Definition
F={F:vx B — R satisfying (i), (i1), (i1i), (iv), (W)} :
(i) YvevVv, B + F(v,B) is a positive, outer regular, Borel

measure.

(ii) ¥ u>ea,6%, v +> F(v,w) is a convex, l.s.c., proper functional
(F) on V.
(i11) Ywe €, v v F(v,w) is decreasing.

(iv) Yuvev, Yot , u) =5 F(u,w) = F(V,0) .

w - Ve
L) YuveV, Yoeo, , Fulv,e) + FuW,e) < F(uw) + F(V,0) .

Remarks

a) It is an open question to know if (V) s a consequence of
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(i)...(iv).
Clearly, (v) is not independent of (i)...(iv) : it will follow from the
representation theorem that, if Fe % then, in (v) the equality holds!

b) From the outer regularity of F(v,.) , it follows easily that
the properties (iii) and (v) are valid for any B e:fbn .

In order to state the representation theorem we shall need the following
notions of potential theory (cf. [2] for example, for more details).

(2.2) Definitions

For any ve V = wg’p(g) » we shall denote by vV the class (for the
equality quasi-everywhere) of its quasi-continuous representatives.
(The notions of capacity are associated with the capacity defined from
the norm of V). |

The positive cone of V', (W'l’pl)+, is called the cone of positive,
finite energy measures ; the elements of (V')+can be identified with

positive Radon measures and if, (%Je:(V')+ > U being_the associated
Radon measure

V veV , <wu’v>(V',V) = J ka) du(x) i.e. V < Ll(du) .

0 continuously

(2.3) Theorem

Let FeF ; then F can be represented as an integral functional :

(2.3)bis fz)e:lﬂ Vu>ez ﬂ; s,  Flvo,w) = J f(x,%?x)) du(z) + viw)
. W

where : a/ u and VvV are two positive Radon measures and U 28 a

finite energy measure.

b/ f: o, xR,
to x , convex, L.s.c., decreasing with respect to t .

— ]—oo, +oo] 1s Borel measurable with respect

Moreover, we can take V(B) = F(uO, B) with U e V , such that :

FZ?ea EBn R F(uo,B) < + o gnd VB <= 5871, J flx,t) dulx) + v(B) > 0 .
B

The relation (2.3)bis can be extended to V x R(F) where R(F) is a rich



family of borelian sets (cf. Definition 2.4).
In order to prove the Theorem (2.3) we shall use two types of tools :

a) the approximation result of €h.I which is relevant of the convex
analysis.

b) The measure theory.

In some arguments, as we shall see, these two types of tools will be
intimately combined ; let us define now the notion of measure theory we
shall use :

(2.4) Definitions

a) A subset D of iﬁn is dense in iﬁh if .
a0 p —_ [o] - — [s] —_ o
YA,Be:an such that A<B , D&y such that AcD<D B .
b) A subset R of B s rich in i% if :

For every family (Bt)t e:[O,l] of elements of an such that :

Ys<t , B =B, , the set {te 0,11 / Btgéli} is denumbrable.

t

(2.5) Proposition

a) There exists a denumbrable dense subset of Sfﬁn H

b) A denumbrable _intersection of rich subsets of Bn s still rich ;

c) Any rich subset is dense ;

d) If R 1is rich, R()ﬁn is dense.

The following property justifies the introduction of the notion of rich
subset of LB; : ’

(2.€) Proposition

Let o : ?’n —~ R an increasing function ; then, the subset of

”/3” formed by the sets B satisfying




sup a(4) = a(B) = inf o(4)
—_— O - O
AcB Bc4A

is rich in B

n *

Proof of Theorem (2.3)

let Fed

Step_1 : Let (f, ie N De a dense denumbrable subset of V .

Let (wk)kez.N be a dense denumbrable family of
open sets in -
For every ke N , we define the functional

(2.13) FE (V) = F(vay) -

Since Wy is open, bounded, the functional Fk :V — RT s convex,
lower semi-continuous proper ; we can apply the approximation theorem

(1.16) of Ch. I :
k

denoting Ak = 3F" , we define
. | Ak
(2.14) ik eN x N, u, =3 (f)
. k
(2.15) Y (i.,k)e N x N, iy = Hlug ~f5) €= aF (uy,)

(H dis the duality mapping from V onto V*).

and by Theorem (1.16)

(2.16) Yke N, Vvev, Fvuy) - U {F(Ugjea0p) + <hgpotly V) -
Let us look in detail to Uik 3 in a general way, if upue - 3F(u,w) , by
definition of 3F(.,w) :

Yvev, Flutv,w) > F(u,w) = <p,v> .

If ve V+, since z > F(z,w) ic decreasing { P, it follows that :

111)



Flu,w) »F(utv,w) 3 F(u,w) - <uv> , i.e.

i . ‘s +
VVG‘.V+ , <v> >0 ; so u 1is a positive energy measure of V' 3

Moreover, if Vi = 0, from (fF}V) it follows that :
W
Flutv,w) = F(usw) 3 F(u,w) - <uv>

and p 1is supported by T

denoting for any ve V , by vV oits quasi-continuous representa tive, we
can write (2.16) in the following way :

(2.17) VkeIN R yvev , F(Vzmk) = jg?\‘ {F(uik,mk) + L_(U;.k-V)duik}
k

Step 2 : Let us define

2.18) Y e=n xnN LHvev, Ysed .
Lad ~,
Fip(VsB) = F(u B nay) + JB(uik-v) disy
and study the properties of the functionals Fik :

(2.19) Proposition

Varwen , fus b, Foer, Fow ¢ Fow

Proof of Proposition (2.19)

We have to prove that
(2.20) Ve N, Yve v, Fve) > Fluaone) + [w(‘uvikmd”ik
In order to prove (2.20), let us prove first :

(2.21) \1¢>o R F(uik+cb,wnwk) > F(u_ik,w nwk) - de)wduik
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(2.22) Vcb;O. R F(uik-cb,wn wk) > F(uik,wn wk) + L)qb d“ik .

Let us assume (2.21) and (2.22) proved and, ook how (2.20)follows :

In (2.21) we take ¢ = (v-u
(2.21) and (2.22) :

. +
1.k)+ » in (2f22) ¢ = (uikfv) and add
F(uikv V,w nwk) + F(U_ik,\ Va(ﬁn-ﬁ)k) > ZF(U.ik,wﬂ U)k) + 4{ (a;-k'V) du_ik

w
. + +
(since (uik-v) - (V-uik) = uik-v) ;

then, applying (EFV) s
Fluggoon vy) + F(vmn ) > ZF(ugomn ) + | (@9 dugy

and (2.20) follows.
Let us prove (2.21) and (2.22) :

(2.23) Lemma
;/i,ke:JN S ﬁ“weﬁ;l,%beV, >0

(2.21) F(uik+¢’w n_wk) > F(uik,w nwk) - L)/CF d“ik .

(2.22) F(“ik-q”w nwk) > F(uik’w nwk) + waﬁ' d“ik .

Proof of Lemma (2.23)

Let (Bh)nes N @n increasing sequence of open sets in w such that
&, 0,C Un+1C ...C w and Lnj 0, =uw.

From the Urysohn Temma, there exist O, < D() satisfying :

Let ¢, = $.6, 3 o satisfies :
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¢, = ¢ on T .4 =0 on Qu) > 0<¢,<9 .
By definition of Moy
(2.24) F(uik+¢n’wk) > F(uik’“k) - J¢n d“ik
(2.25) Pl > Flugon) + [d dugy
. Let us look first to (2.24) :

F(uik+¢n’wk) = F(uik+¢n’wkr]ﬁh) + F(uik+¢n’wk\‘0h) .

From (56111 and (gjiv s

(2.26) , F(u1k+¢n’wk) < F(uik+¢,wk(1 Ch) + F(uik,wk\\ﬁh) .
Moreover
(2.27) F(uik’wk\‘oh) < F(uik’wk) < +o  (since VvV - F(v,wk) is proper,

and from the definition of uik) . Combining (2.24), (2.26) we get
(2.28) Flugtdswn 0) + Flus ow \ @)
> Flujomen @) + Flugem 8y) - J&’\r; dugy
and using (2.27), we can substract F(uik’wk\‘eh) to this inéqua]ity :
Fluj i+ n 0) > Fus w0 0) - J&n du,
> Flujeowen ) - (fduik
i

When n —» +x , since |.

- (wen0) = wen () = oo

r A )
F(u1k+¢>,vwkn w) > F(”ik"*’kn w) - chb d“ik i.e. (2.21) .
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. Let us Took now to (2.25) :

Pl o) = Flugedpooend) + FlUgegpame o) -

From ({?)iiiand (%), since ¢, > -¢ and ¢ =0 on (o s

iv
(2.29) F(u'ik—d)n ’“’k) < F(“ik'¢’wk nw) + F(U.ikswk\?[)) .
Combining (2.25) and (2.29)

(2.30)  Flug-osuy 08) 5 Flugeam nw) + Jd?r; duzi

> F(u'ik’wk nw) + J@fé;du]k

n
Since leﬁh =w , making n —> 4o , we get
n
(2.31) F(uik'd),(l)k ﬂa) ) F(u_ik,wkﬂw) + Jw$duik .

Applying the Proposition (2.6), (2.5) to the increasing set function
w > Flug =90, Nw)
the family R of the open sets « satisfying
F(uik—¢, wkr1w) = gﬂf F(uik'¢’mkr]A) is dense.

A>w

For such an w , F(uik-¢,wkrﬁﬁ) = F(uik-¢,wkr1w) 3
so (2.31) turns into

(2.32) VY w= R.. F(uik-d),wknw) > F(“ik"”kn w) + j q) d“ik

w
Let us remark that R depends on ¢ , but that's enough in order to
conclude since any open set is regular with respect to a borelian

measure and (2.32) can be extended to any we Gh .
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(2.33) Proposition

Vwc—:ﬁ;’q, yve"V,

F(v,w)

sup F. (v,w)
(i,k)e W xm K

su. {Flu,,,onuw,) +J (17, -D) du.. .} .
ORI L P s

Proof of Proposition (2.33)

From the Proposition (2.19), V(i,k)e:]N x N , vav s 'ngﬁ;]
F(Vs(.l)) />¢ F.ik(V,w) s

SO

F(v,0) > sup F_ik(v,w) .
(i,k)elN xNN
Let us prove the opposite inequality :

o

sup (P (U500 ) + f_ (W3v) digyd

Y keN . F(v.g)

ieN Wy
If BDOG, » = ?;pm {F(ujp 0 N B) + fB(G;k-'vV) d“ik}
= ?:;;])\l Fik(V’B) .
So VB:mTk F(v,wk)s 1,325& - Fij(v,B) H
therefore

sup F(v,wk) < sup Fi.(v,B) .
@cB i,jeNxN W

Taking Bete’n , since F(v,.) 1is a borelian measure, any open set is inner
reqgular and

Vwc»:@’n » F(v,w) < sup Fij(v’w) 3 S0, the equality holds.
i,jeN x N
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Step_3 : Using the Proposition (2.33) we are going to prove

the representation theorem.

(2.34) Definition

V re N , let us define Fr v X‘iﬁn — if+ :

VreN , Yvev, Fr(V,B) = sup g E Fik(V’Bik) / . E 1 B'ik - }

i.k=1 i,k=
i.e. B > Fr(v,B) is the smallest positive measure which is greater
than all the measures B +— Fik(V’B) s Lgi,kgr .

(By ) we mean that the B, ,  are taken disjoint).

(2.35) Proposition
a)l ffr'eﬂv » Frc—:'gr

) Vtrew , F < F

r+l
e) Vvev, Jwee , Flow = LintF, (0,0
(r4+)
) Vuvel, BB, |F_(u,B)-F_(v,B)| < I |u=p] du
! n r r B r
r
with u_= ) Wige (W Zs a positive finite energy measure).
T T k=YY T T .

a) For every B E:iBn , the functional v — Fr(v,B) » @S a supremum
of convex, lower semi-continuous functional is still convex lower semi-
continuous ;
moreover

YreN, Vue O/n R Vvev R Fr(v,w) £ Fr+1(v,w)' < F(vsw) .

The last inequality follows from (2.33), and the definition of Fo :
From (2.33) fvev, Ywel ., F(v.) »F(vs) .

This inequality can be extended to ﬂSn since
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V Be 3, F(v,B) = inf F(v,u)
n
wdB

and since B — Fik(V’B) is a borelian measure which is finite on any
compact subset of @ , it is a regular measure and

Vee® o F(vb) = inf Fu (v, u):
wdB

so the inequality
F(v,B) z.Fik(v,B)

holds for any (i,k)e Nx N, veV, Be B ;

since B +— F(v,B) 1is a positive borelian measure by definition of F
it follows

Yren, Yvev, YBe B ,  F(v.B) >F(v,B) .
So F(v,B) > sup Fr(v,B) H

reNN

on the other hand

Yike N, ¥igiker,  F(v,B) > F(v.B) 3

: v ab
S0, sup F _(v,B) > F. (v,B) 3
: reN T ik

since this is true for every (i,k)= N , sup Fr(v,B) > sup F, k(v,B)
r ik

and from (2.33)

sup F (v,B) » sup F,, (v,B) = F(v,B) if Be & .
r Lk

Finally, YveV, Yoel® ., F(v,u) =sup F (v.0) .
n reN '

This implies that every functional Fr(.,w) is proper since F(.,n) is
proper.

From Definition (2.34) one easily verify that properties (iii) and (iv)
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of F are satisfied.
The only property T which is not obvious to verify is the property (v) :

Take (Bik) and (Cik) two subdivisions of B ; then

I-= Z [F(“ik’Bik“‘”k) +j (G;k-u?\/v)duik]
i,k Bik
+ Z [F(uik,Ciknwk) +J (uik—u\/v)dpik}
i,k C1’k

izk [F(”ik’Bik”‘*’k) + F(_uik’ciknwk)J

b

+ 3 j (Us, -U)dy. +J (Us e <U)dys
i,k Bik(\{u<v} 1k, 1k Cikn{u;v} ik ik

+ ¥ (UL dy, +J (05, -V)dus, -
i3k JB,, N {usv} ik Tk C;p Nvou) ik Tk

Taking D, = [Bikﬂ {fuev)] U [Cik(\{uav}-] ) D; < B
Esp = [Bik(\\. ',:u{v:"] U [Cik(\ veull s ) Eip ©B
and remarking that these sets are two by two disjoint, we can write

I = [.ZkF(uik’Dik”‘”k) * JD (uik'u)d“ikJ
T.K- .

ik
* [-X FluiBip o) *[ (a;k'v)d“ik]
19k E. -
ik
r
SO, ; gzl Fik(UAV’B‘ik) + 2 Fik(UVV9C1k) < }: F_ik(u,D.ik) + z F'ik(v’E'ik)

< Fr(u,B) + Fr(v,B) .

Since this is true for any (Bik) and (Cik) » it follows

Fr(u/»\v,B) + Fr(u vv,B) < Fr(u,B) + Fr(v,B) .



IT.13

Finally, starting from F< 2% , we have been able to write F as

F=1im?F,

with Fr beTonging still to iﬁ_; the interest of this approximation is
that the Fr enjoy strong continuity properties (d) :

r

Let u,veV and Be ﬁ% ; for every (Bik)igi,ksr with i z=1 B, B

Fa(VoBiy) = Fap(UBsy) = JB (FV)dus, < JB |GV [
" ik ik

with . = i E=1 Wk

(One may take more precisely B = SUp(“ik / ik =1,...,1) 3

after sommation,

T OF. (VaBi) < J Fi(UBy) + J &
ik ik ik ik ik ik 1§k Bik

dur

< ¥ Fa(usB, )+J 13-V d
ik ik ik? g r
VR
< F.(u,B) + IB]u-vldur H
since this is true for every (Bik)§ k=1 it follows :
Fh(VsB) < Fr(u,B) + JBlu-v]dur
and

I, (v.B) - F(u.B)] < [B{u”-v{dur .

The integral representation of Fr and hence of F will follow from the
following proposition :
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(2.3¢) Proposition

Let Fe# and satisfying : F : V xi‘!z,l — RT and Ju >

a positive Radon measure of finite energy, such that :

Fuvev, ﬁ‘Bejf)’n R |F(u,B)-F(v,B) | < f |a=D |dy .
5

Then, taking u < V , let us denote

V(B) = F(uo, B)

8(B) = Lim Ti—‘-F(uoﬁ,B) i

=0

Then, v and 6 are two positive Radon measures and 6gu (Z.e. O is

of finite energy) ; for every te IR the measure

B +— F(u0+t,B) - F(uO,B) is absolutely continuous with respect to 0 .

By the Radon-Nikodym theorem, there exists a function f : Q x B —> IR

satisfying :

a) 7 te R, x —= flx,t) 1is a borelian function and

F(u +t,B) - F(u_,B) = J flxz,t) do(x) , VBB .
o] o Jg n

b) For 6 a.e. z&Q, t v+ flx,t) is convex, decreasing

e) Vrea R f(x,uo(x)) 20

Moreover,

# ue”, ﬁB(—:fgn s F(u,B) = J flx,u{x) dO(x) + V(B) .
B

Proof of Proposition (2.36)

Let us first remark that there is no ambiguity in the notion
F(uo+t,B) since the value of 'F(v,B) does depend only of the value of
v oon B (ujtte Vi)
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Then, we remark that the function t — F(uo+t,B) is convex, decreasing,

)
F(u0+t,B - F(uo)
t<0. ' is increasing and positive.
|t
F(u +t,B) - F(u.) F(u +t,B)
We denote by o(B) = 1im T —2 " - mP o
tormoo [t (t>-w) It

B + 0(B) as an increasing 1imit of positive Radon measure is still

a positive Radon measure and from

F(u0+t,B) - F(uo)

< J dy;, it follows
|t] B

0 < 0(B) < u(B) i.e. 0 is a positive, finite energy

measure (since p s positive, finite energy measure!).

A posteriori, from the final formula (2.32) it will appear that ¢

is the smallest positive measure 11 such that
V u,ve Vo, BG:iBnq |F(u,B)-F(v,B)| « J |a:g]du .
B

From 0 ¢ F(u +t,B) - F(u,) < [t] o(B) , it follows that the measure

B +r— F(uo+t,B) - F(uo), is absolutely continuous with respect to u
and by R.N. theorem there exits a function ft(x) borelian-measurable,
integrable relatively to 0 such that :

¥ B(?;ﬁh , F(u0+t,B) - F(uO,B) = JBft(x) do(x) s

denoting f(x,t) = ft(x) we have

V BeB ,  Flu+t.B) - F(ug.B)

o

[ f(x,t) do(x) .
B .

. From F(uo+s,B) - F(uO,B)

J f(x,s) do(x)
B

we get, taking the difference
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{B [£(x>t)~F(x,5)]d0(x) < [F(u *t,B)-F(u #s,8)] < |t-s] jB du(x) -

Since 0gu ,60 s absolutely continuous with respect to p and there
exists h a borelian functional, O0<h<l , such that : 6 = hu.

From,
IK%Y J;[?(x,t)~f(x,sj h(x) du(x) < |t-s|.

Taking for B a decreasing sequence of neighbourhood of x_, we get :

0

Y s,te<R x R , h(x) |f(x,t)-F(x,8) | ¢ [t-s| w-ppx .

Since t F(uo+t,B) - F(uo) is convex, decreasing it follows easily
that t »— f(t,x) is convex, decreasing : for example,
let t>s ; then

Veed, . Jﬂxﬁ)%u)sfoﬁ)dmm
B B

it follows that f(x,t) « f(x,s) 6-a.e. x.

Let us prove, to end the proof of the Proposition (2.36), the integral
representation :

From IF(ugtu,B)-F(u_,B) | < fB|ﬁ(x){ dy(x)
it follows that the measure B 1+— F(uo+u,B) - F(uO,B) is absolutely
continuous with respect to the measure |u[ dp and by the Radon-Nikodym

theorem, for every ue. V there exists a function 9y & Ll(IU]du) such
that

YBe D, Flutub) - Flu.B) - JBgu(x) () [ dy(x) -

Taking u=1t,

i}

F(ug*tsB) - F(u .B) = IBgt(x) |t]|du(x) = JBf(x,t)de(x) = JBf(x,t) h(x)du(x) .
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Since this is true for every Bz;ﬁﬂn ,YteR , gt(x)¥t! = f(x,t) hx) p_aew

Let us now explicit 9, take Xy€ Q2 and B a neighbourood of x, .

IF(u+u,B)~F (u +3(x,)B) | < [B G0x)-i(x,) | du(x)

N - [~ ~s
OOTE0) T w0 < | Ti00-ixg) | du(x)

J| 3,00 1600 s,
Dividing by u(B) and making B Hx > we get :

wepx,  g,(x,) lulx) = g5,

)(XO) ]Uw(xo) |

(o}

and since gﬁ(x)(x) [U(x) | = f(x,u(x)) h(x)
FlaghisB) = F(ug:8) = [ ,(018001au0x) = [ F0xli0) n0x) dut)
and, by definition of h , 6 = hdp

Flug+u,B) - F(u,,B) = [E f(x,0(x)) do(x).
S0, Flug+u,B) ~ F(uy,B) = JBf(x,ﬁYx)) d8(x)

and F(u,B) = JBf(x,ﬁYx)~G;(x)) do(x) + F(uO,B)°

End of the proof of Theorem 2.3

For Proposition (2.33) ., F = sup Fr ; more precisely

Yoet o Yvav, Fvw) =Tin 1 F (v.e) .
Y->+oo

Since for every re N , Fr satisfies the hypothesis of the Proposition
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(2.36), (2.35(d)), it can be represented as an integral functional :

fvev, ¥B etfbn ,» F.(v.B) = JBfr(x,Qkx))der(x) + v.(B)

with 6. @ positive measure of finite energy and vr(B) = Fr(uo’B) .

Let us choose Ug & V such that :

B +— F(uO,B) is a positive Radon measure (i.e. 7 K compact,
K<, F(ugsK) < +o) and denote (B) = F(uo,B) .

WERY and v is a Radon measure, by the Radon-Nikodym theorem,

we can write v

Since v

. = kr dv 3 so

F(v.B) = JBfr(x,vxx)) do,.(x) + IBkr(x) du(x) -

Let us now consider the other term of Fr(v,B) and Tet us rewrite it
also as an integral functional with respect to a fixed measure (independent
of r&N) :

[ #0700 a6, 00 = [ 2o,y £00T00) .
riy?
r dek +o0 dek
Let us define dp_ = and dp = lim dp_ = —_
" Flaoly, e 7 B

By construction, dp 1is a positive Radon measure of finite energy and

- de
Yre N, — T <d

r N
2'||de [l

Since dp 1is a positive Radon measure, it follows by application
of the Radon-Nikedym theorem that

dGr

1 ' -h d
2'de, | "

Yre—IN R E]hre?L(dp) s.t 5 SO
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Fr(v,B) = fBzr.ﬂderﬂ.fr(x,VKx)) hr(x) dp + JBkr(x) dv

Taking X = p+v , since X 1is a positive Radon measure and pgX , vgX
applying once more the R.N. theorem

p=hX, v=kX and finally
F,(v.B) = JB[?rudern.fr(x,vxx)) h (x) h(x) + k(x) k(x)] dX(x) .

Denoting g .(x,t) = 2“udern.fr(x,t) h.(x) h(x) + k.(x) k(x) .

We have that for X-almost every x , (gr(x,V(x))rér N is an increasing
sequence (This follows from the growth of the sequence (Fr)re; N ) .

By the Beppo-Levy theorem denoting

g(x,t) = lim 4+ g (x,t), we obtain for every U)e;e%
r
Fva) = [ g(x,0x)) dX(x)
w
more precisely, since v _ =k, dv Mdy, k, 41, and,

2P“derﬂ.fr(x,t) hy. h ;:;;: g(x,t) - k(x) = f(x,t) h(x) ;

finally (with the convention f(x,t) =0 if h(x) =0)

F(x,9(x)) h(x) dX(x) + [ K(x) dX(x)
w

F(v,w) = J

w

F(vaw) = [ FOGT0) do(x) + | (x) = [ F0xGT(X)) dp(x) + Flugu)
w w w

which is the conclusion of Theorem 2.3.

(2.37) Corollary

Let V be a function from Q into R and let us assume that

(Z) ‘Eluoc: V s.t uo(:)c) > U(x) , V-quasi everywhere.
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Let us define :

R 0 if v(x) > ylx) q.e. on B
(v,B) Vﬁ:ffh s F(v,B) = ;

_ to elsewhere.

Then F\V;_G belongs to Ty consequently, there exists Boa
N .

positive measure which does not charge the polar sets, and an integrand f
borelian with respect to x , convex decreasing with respect to t , such
that :

Yve v, fucl , ¥(x) >u(x) g.e. on o e Jf(x,V’(x)) du(x) = 0 .

This last equality turns into f(x,V(x)) =0 , yua.e. X

(Let us remark that in the integral representation v(w) = F(uo,w) 0) .

Since t > f(x,t) is convex, decreasing, and positive

f(xst) =0 &= t 3 X(x) .

o]

Finally, there exists
t-f(x,t) function x — X(x)
borelian such that

L |
XX >t

(L%)VVQV,Vwéq%,VM)awﬂqﬁ.Mw¢$VU)>Mﬂua£.Mw.

Let us remark that 'Cix) > P(x) g.e. on :;>'V(x) > P(X) u a.e. on w

(since p does not charge sets of zero capacity); consequently
V va Vo, VU)éiOh R 'V(x) > X(x) ya.e. on 0w = ka) > ¥(x) p.a.e. on w,
and 'X(x) > P(x) pa.e. on w,

where X (resp. §) is the quasi-s.c.s. regularization of X (resp. ) . So



N

(2.39) ?’z Y ua.e. on w .

On the other hand, there exists a sequence v, < A n‘éL(Q) such that
v (x) ¥ T(x) quasi everywhere.

Since V. % ¥ g.e. —» V; » X(Xx) ua.e. on w , going to the l4mit

as n — +o , we obtain
(2.40Y) ET;.X K a.e.on w.
This implies that ¥ » X ® a.e. on w and finally

~r N
=X ua.e. on w.

o

Since V'3 X pa.e.on we= VyX upa.e.on w we finally get

S

(2.41) Vve v, ¥ me@;] , V(x) 3 9(x) q.e. on w@"\}/(x) >U(x) u a.e. on w.
If we start with ¥ which is quasi s.c.s. the formulation is simpler :
(2.42) ¥v eV, VU)e.fh, Vﬁx) > P(x) g.e. on W Vix) > ¥(x) pu a.e. on w.

So for any obstacle 1 there exists a measure Hy (which depends on ¢!)
such that, UW is a positive Radon measure of finite energy and, it is
equivalent to take the constraint ﬁ/z,w in capacity sense or y-measure
sense.

If ¢ 1is regular, i.e. Y&V we refind a classical result of potential
theory ; taking u = dx the Lebesgue measure and w an open
set

S NS
V30 g.e.on w & ve0 pae.on w.

Let us observe finally that (2.42) can be extended to V x R(F) where
R(F) 1is a rich family of borelian subsets of & .
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CH.ITII  T-LIMITS OF OBSTACLES

In this paragraph, we still denote
_ ylsP
V=W (Q) ’ 1<p<+°° ’

and introduce two classes of functionals : the énergy functionals E?

and the constraint functionals 5%”

p

(3.1) - E§p is the family of functionals ¢ : V —~ R*

of the following
type : o¢(v) = J f(x,Dv(x))dx with
Q

Alz|P < F(x,z) < M(1+]2 Py
(3.2) X s f(x,z) is borelian measurable.

z —> f(x,z) 1is convex continuous.

For any a>e;.ﬁh and veV we denote ¢(v,w) = { f(x,Dv(x))dx .
w .

We recall the following compactness result concerning the family é?p :
(3.3) Given a sequence (¢hhqe;,N of functionals of &?p s
one can extract a subsequence (¢h ) such that :
‘ k ke N

Fvev,faed , ri(s-LP(@) Tim ¢ (vi0) = ¢(v,u) exist,
' k4o k

and ¢ still belongs to %?p .
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(3.4) Cf’; is the family of the functionals of & satisfying :

Yoe® Inf TF(vo0)4vif] < v(w) < 4
~veV
Now we can give the statement of the main result of this chapter :

(3.5) Theorem ()

Let (d)h) a sequence of functionals of the class gp

he
Let (Fply =

W Q sequence of functionals of the class E}'fT

Then, there exists a subsequence ( hk)k ey * 2 rich family R of borelian
subsets of Q , and two functionals ¢ and F belonging respectively to
Ep and Q:’; such that

i) Yvev, d(v) = T (s-1P(0)) Lim ¢, (v)
k
(ii) {vev, foe 6 Nr,

$(v) + Flv,w) = T (s=IFP(Q)) Tim [9, (v)+F, (v,0)]
K-too k k

The functional F can be represented :

Flo,0) = [ Wz, Sw) )du(z) + viw)
[}

where U and Vv are two positive Radon measures, u of finite energy ;

h(x,t) s borelian with respect to x , convex decreasing and lower

semi-continuous with respect to t .

(3.5)bis Corollary

Let () a sequence of functions vy, : Q —> R such that :

hemw

‘:: , ) "; . W‘Z-’p S d
1w, o gV iEm S veiP, v 5, and sup, thllWé,pGoo >

(pe ]1,[) .

(x) In this paragraph we shall prove the Theorem (3.5) only in the case
of quadratic energy functionals.
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Then, there exists a subsequence  (h ), . p - arich family R of
borelian subsets of £, such that :

Vrew P ), fuwcr

Y
Min _ SJ [Dv Ptz - <SLrv>y ——
géewg’p(ﬂ) Q e _
Min U |pv|Pdx + fh(x,v(x))d},(x) - KEf,v) (.
?\v?ll)hk on w v € Wé'p(ﬂ) _Q - w : }

where W 18 a positive finite energy measure, h is borelian with respect

to x , comex, l.s.c., decreasing with respect to t .

Proof of Theorem (3.5)

Step_1 : From (3.3) we can extract a subsequence (¢h )

such that k k=N

Vve v ,Vwaﬁ'n s F'(s-Lp(Q))h‘m ¢hk(v,w) = ¢(Vow) with ¢ e:.é‘;’p .

From now on, we shall work on this subsequénce and therefore may assume
that the I' 1im of the sequence (dp)h e N exists.

Let D be a dense denumbrable family of open sets ; from the classical
compactness theorem ( cf. [15]), and a diagonalisation argument, we can
extract a subsequence (that we still denote hk) such that :

(3.6) Yve v.YueDd, I (s-LP(9)) 1im [0, (V)#F, (v.w)] exists .
K->+oo k k
Let us define two functionals F* and F : Yvev, V u)gxe%

o(v) + F+(v,w)

“(s-LP(Q)) 1i Frg (Vs
. r (s (9))k+12 sup[¢hk(V)+ hi(Vo0)]

o(v) + F (vaw) = T (s-LP(0)) Tim inf[¢hk(v)+F.hk(v,w)] .

K->+

By definition of the I' 1im , and from (3.6), (3.7), we have :
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3.8) Yvev, Ywed, F(v.o)=F(v.w) .

From the classical properties of the I' 1imit and the properties of the
functionals (Fh)he:N and (d)h)hc—:l\l it follows easily that the

. + - . . .
functionals F and .F are lower semi continuous with respect to v and

positive increasing with respect to w .

Let us now show how these regularity properties are enough, in order
to extend the equality (3.8) to V x R(F) , where R(F) is a rich
family of borelian sets :

(3.9) Definition
Let {7 the class of the functionals G : V x%n —~ RY satisfying :

(i) VveV » B > G(v,B) is positive increasing

(ii) Y e D‘n ,» vV +—» G(v,0) is lower semi-continuous on V .

We shall denote Be(G) the class of all borelian sets B satisfying

Yvev, VYo, G, (v,B) = inf G, (v,A)
A e e
B>A

and by B1.(G) the class of all borelian sets B satisfying :

Vve—:V R ¥ 250 R GA(V,B) = sup Gk(v,A)
BoA
and B(G) = Be(G) N B;(G) .

(8.10) Proposition
For any functional G of g, the sets Be(G) 5 Bi(G) ‘and B(G)

are rich in .“Bn
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Proof of Proposition (3.10)

Let us take a sequence (Ai)i e N 2 A500 s A ::::5 0 and,
since V 1is separable a sequence (Vj)j e N dense in V .

For each (i,j)& N x N , the set Ri i of all borelian sets B

satisfying

(3.11) sup Gxi(vj,A) GA1<VJ »,B) ='1n§ GAi(Vj’A)
AcB B<A

is rich in 3% » by Proposition (2.6).

Let us take R = (A\ R. . 3 by Proposition (2.5) R is still
(i,j)eNx N '2J

rich in $n and (3.11) is satisfied for any BeR and any (i,j)e N x N ;

using the 1ipschitz continuity properties of Gh(v,B) with respect to v

and A , we can go to the limit on (3.11) and obtain

Yvev,Ya>0,YBer, sup G,(V,R) = G\(V,B) = inf G,(V.A) ;
ACB ASB

so, B(G)> R and B(G) 1is rich.

In the following propositfon, we shall see that the sets B(G) enjoy
some continuity prolongation properties relatively to the functional G :

(3.12) Proposition

Let GZ and G2 two functionals of the class g and let us suppose
that :
y veV, ] D) a dense subset of ﬂn (which may depend on v) such that :

Y pepw) , ¢'w,0) =c w0 .

Then, B(6') = B(6°), and FBeB(c), 1200, fvev, ¢.(v,8) = & (5,8)
consequent}z
Foev, Foeswne, , &8 =00 .
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Proof of Proposition (3.12)

Let us prove that Y0 ,fve Vv, Y Bei?;\n

(3.13) inf Gi(v,A) > inf Gi(v,A) > sup Gi(v,A) > sup G;(V,A) .
e _. o _ o — o —
A>B AJB B>A BoA

If BeB (Gl) then (3.13) implies clearly that B €B(G2

B(Gl)<: B(Gz) ; by symmetry, we can prove that B(Gz)c: B(Gl), and the

) i.e.

equality B(Gl) = B(Gz) will follow. Moreover, we shall get

(3.14) V20, ¥BeB(B) , YveV, G/(v.B) = G:(v.B) .
Going to the 1imit on (3.14) when X goes to zero, we obtain :
(3.15) YBeB(@ENO ,fvev, 6l(v.B) = G2(v,B) .
So, let us prove (3.13) and let us begin by proving the Teft inequality :

(3.16) inf Gy(v,A) > inf Gi(v,A) .
o [~ I
ADB ADB

By definition of the infimum, given €. >0 , e. — 0, for every ie N

i i
o PR
we can find Aie:fgn ) Ai_D B such that

o1 1 .
lnf Gx(v,A) > GA(V’Ai) - €5
A>B

by definition of Gl\(v,Ai)

1(V.i ’A'i) + %_X ”V"V_i“\zl - €_i .

. . ) 1
Yie N . ] v,eV s.t.o: G (vsA;) > 6
Combining the two last inequalities we get

. 1 1 1 2
1nf,GA(V’A) > G7(vi.AL) + ?X'”V'Viﬂv - 2 .
AoB
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By assumption, there exists a dense subset of 3’% ,D(vi) such that

1 2

¥oen(v,) , 6(v;5D) = G“(v;,D) .

-] —
Since A; ©B and D(v1.) is dense :

3 — (-} ]
VieN, ID,eD(v;) s.t.: BcD, <D, cA; A, .
Since Gl(vi,.) is increasing and A1. > D1.

o1
inf G, (VsA) > > G (v4sDs) ?—- Ilv=v. ”V 2¢5
A>B
2 1 2
> G (vy,Ds) + ?X'”V'Viuv - 2
> Inf 16%(2,0) +.%xﬂv-vi"€} - 2. = Gi(v,oi) - 2,
e

> Inf Go(v,A) - 2, and since this is true fie N ,
o —
AoB

Inf GIA(V,A) > Inf Gi(v,A) (and by symmetry there is equality!).
o] [ o B /
AoB ADB

Let us now prove the right inequality of (3.13)

(3.17) sup 62(v,A) > sup GL(v,A).
BoA BoA
. —_ 0
Let A be fixed, A< B and let us prove that

(3.18) 61(v,A) < sup G2(v,C) .
A 24P Iy
CcB
-— o o— [ — [
Since A c B there exist Ce:an such that Ac C<C cB ;

By definition of G>1\(v,A) >

Vzev, Gl( A) < G(zA —2——l|vz|{

For every z< V , there exists by definition a dense subset D(z) of :Bn
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such that YB &« D(z) , Gl(z B) = G2(z,B) .

— °
Since D(z)is dense and A < C, there exist D, & D(z) such that

[

Ac D, c:BZ c 6 <Cc<B , therefore

1

1
GA(

1 2
Yze v, v,A) < G'(z,D,) + 7 ]|y-z!|

2 1 2
< 6°(z,D;) + 55 |v-2|

G (z,C) + 5= )|v zf|

Since this is true for every z« V

6L (v.A) < Inf §65(2,0) + 35 [Iv-2[°} = 62(v.C)

zeV

— o]
Since C< B , we finally get

GL(v,A) < sup G5(v,C) 1.e. (3.18).
CcB

End_of Step_ 1 : We first remark that, by assumption, since the

functionals Fp belong to oy Fh(v,w) is Tower semi-continuous
for any weﬁ/n!

From (3.8) and (3.12) it follows that
(3.19) D(FY) =B(F) and T vev,foe BFHOE =HF )N &
Friviw) = F(v,w) »

so the I-limit exists for any ve V and we$(F) 0 & with B(F) a
rich family.

In order to obtain a precise representation of the I'-Tlimit we need more
information about the dependance of F* and F~ with respect to Be:(Bn
and ve V .
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(3.24) Lemma

ﬁ've v, é’A,Beﬂn > F+(v,AUB)s F+(v,A) + F+(v,B) .

Proof of Lemma (3.24)

By definition of r-(s-Lp(Q)) 1im sup , there exist two sequences

A B
(vh)heN s (vh)h =N

1P
o(v) + FT(v,A) = Tim sup rq)h(vﬁ):rrh(vﬁ,;\)] A =L (e)
i >0

(3.25) hr-teo

. 4P
o(v) + FY(v,B) = Tim sup [¢h(VE)+Fh(VE’B)]sVE s=L7(@), .
h->+eo hosoo

1P
Since vﬁ v vﬁ EH%$§91> v , it follows from the definition of the

I es-LP(Q)) 1im sup :

(3.26) o(v) + F'(v,AUB) < Tim sup [&" (v} vvD)+F"(viv vB,Au)]
.h*m

From the additivity of A > F'(v,A)

AL B A B B
(3.27) F(vp vvB,auB) < F (VR veB,m) + FPGR VB B)

From the decreasing property of v r—> Fh(v,A)

FIOVAVVELA) < FN(vP,A)
(3.28)
FvByvd.e) < FBley
From
(3.29)  o"(VEVE) + oMV AVE) = 6P (W) + oMV

it follows combining (3.26), (3.27), (3.28), {3.29) :
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(3.30) o(v) + FF(v,AUB) < tin sup 6" (v +6" (vB) - (v VB )+ (v A+ (vE ,B))
—>+tco
< Tim sup [¢h(vA) h VA A)]+11m sup[¢ vh,B)'|

h+o

+ 19m sup [-¢h(v,ﬁ/\vE}] .
hort
P -
Since, VA A vB ML v and ¢ =T (s-LP(Q)) Tim ¢h
h h

¢(v) < lim inf ¢h(vﬁ/\ VE ) 3 so
(3.31) 1im sup [—<bh(vﬁ/\ VE)I < -o(v) .
Finally combining (3.25), (3.30) and (3.31)
o(v) + FT(V,AUB) < ¢(v) + FT(V,A) + 6(v) + F (v,B) - ¢(v) i.e.

FY(v,AUB) < FY(v,A) + F¥(v,B) .

(3.32) Lemma

fve—: v, fA,B open sets satisfying : Al B=¢ and AUB =B(F )
(which is_the rich family of regular borelian sets with respect to F)

F (v,AUB) > F (v,A) + F (v,B) .

Proof of Lemma (3.32)

o

let A vA,B 4B as 40 suchthat A >A,B >B,A (VB =0
€ € € [ £ [
and

(3.32)bis F(vViAUB) =1im ¥ F (v, A_ UB) ;
(ev0) & €

Let us fix >0 ; by definition of F_(v,A8 UB) :
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(3.33) 7 vﬁ —— v in s-LP(Q) such that
hostoo

6(v) + F7(vsA_UB_) = Tim inf [s"(VE)+F, (VE,A_UB )]

>+too

From the additivity of Fh(vﬁ,.) ,

(3.38) ¢(v) + F_(v,AéJBe) = 1iﬂ+igf[§ h(vﬁ)+F“(vﬁ,A€)+Fh(vﬁ,sg)]
€

: €
1 on A, XA 0 on Q\AE, ngAgl

Let XE e;wl’“(n) such that XE

XE «w*®(a) such that Xt

€ €
B B 1 on B, X 0 on Q\BE, OsXle .

B

On the other hand, let

N
> W >

— v in sLP() with o"(z),0\E) — o(v.aN) .
(3.35)

= v in s-LP) with o"(2D,2\B) — ¢(v.2B) .

Let us define

- A _ e € _yEy A
vyt = XA v + (1 XA)zh
(3.36)
B,e _ y& . € _yEy.B
iy - Xg v t (1 XB)zh
and compute ¢h(vﬁ’€) and ¢h(vE’€) :
A, A A
Dvp*® = Xp.Dvp + (1-Xz)Dzp + (vi-2p)DXy
For any te [0,1]
Ae _ LyE 1 E _yEypuA _ t e __A\nyE
t Dvh = tXA.Dvh + t(1 XA)Dzh+ (1-t) T:f'(vh zh)DXA

From the continuity of fh and the majoration fh(x,z) s'M(1+lzlp) s

A,e

fh(x,tDvh

A h

A Ap
) < tX§ f (x,Dvﬁ) + t(l—X;) f(xsDz) + (1-t) M[J91+|vﬁ-zh|-|DX§‘PJ
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So
h,, A, € A
¢ (tv.’") < J f, (x,Dv;)dx + J _f, (x,Dz, )}dx
h = A h h L h
A
+ (1-t)M JQ[1+|vﬁ-zh]p|DXi{p] dx
(3.37)
h,,. B,e € , B
o (tv.’7) < J f,_(x,Dv;)dx + J _f, (x,Dz, )dx
h Sg h h OB h h

€
B
+ (1-t)M IQ[1+|vﬁ-zh|p Dxg1P] dx .

From (3.34) ,

(3.38) o(v) + F'(v,AEL)Be)

> lim inf[JA fh(x,Dvﬁ)dx + JB fh(x,Dvﬁ)dx + Fh(vE,Ae)
€ €
+ Fh(vﬁ,Be)]
+ Tim inf[J £ (x,Dv2)dx] 3
TR
moreover
(3.39) lim inf J f(x,Dvp )dx > I £(x,Dv)dx .
- h->to Q\(AgLJBe)

Q\MA_UB_)

Combining (3.37), (3.38),
(3.40)  o(v) + F-(v,AUB_) 3 Tim inf[o"(tvh>E)4F (vE,A )]
o et Tel 7 hotoo h h*'h*'e

.. h,. B,t €
+ Tim inflo (tv, > )+F, (v, ,B )
hotoo [ h h''h>"e ]

+ lim inf[-(1-t)M {J 2+lv§-zﬁ|pinx§lp
h400 Q

+|vﬁ-zﬁ|p|DX§!p}]

+ Tim 1nf[—J
Q

A By .-
_f . (x,Dz, )dx - J _f, (x,Dzp)dx] -
h-4e0 h h Qg N h

\A
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+ Tim inf[

f, (x,Dv; )dx].
h-+eo JQ\(ASUBe) h ho™

From (3.33), (3.35), (3.39), (3.40) turns into

6(v) + F(v,A_UB ) > 1iﬁ*igf[¢h(tvﬁ,€)%Fh(vﬁ,Ag)]

. h,.B e. €
+ Tim info (tv; S )+F, (visB_)]
hoboo [ h h'"h>"e

£(x,Dv)dx - J £(x,Dv)dx + J £(x,Dv)dx .

JQ\A Q\B \(A_ U B,)

. . A
We now use the minorations : Fh(vﬁ,AE) > Fh(vE,A) = Fh(vﬁ »A)

. e _ ,E.A
since vh = vh on A

’B
Fh(vﬁ,as) > Fh(vﬁ,s) = Fh(vﬁ ,B) .

On the other hand, we use ¢h(tz) = |t|p ¢h(z)(*%nd get

- i s h A’ ’,A
O+ FOOALB) > 811 IO ) ()

B.,e

+ tP 1im inf[¢h(vh )+Fh(vﬁ’B,B)]

- j f(x,Dv)dx - I f(x,Dv)dx + J f(x,Dv)dx .
ONA Q\B Q\(AeL)Be)

- - , 1P
From the definition of F (v,A) and F (v,B) , since e sLT(@)

h
1P
and VE’E §—£—£§Q> v

d(v) + FT(v,AUB ) 3 tPLo(v)+F (v,A)] + tP[o(v)+F™(v,B)]

- J f(x,Dv)dx - J f(x,Dv)dx + J f(x,Dv)dx .
2\A O\B 2\(AY B,)

h

(*) When ¢  does not verify this condition, it is easy to adapt the prove since

¢h(vﬁ’€) - ¢h(tvﬁ’€) —>0 as t—»1 uniformly in h.
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Making t — 1 and ¢ — 0 , from (3.32)bis
o(v) + F (V,AUB) > 26(v) + F (v,A) + F (v,B)

-J f(x,Dv)dx - J f(x,Dv)dx + f f(x,Dv)dx
O\A O\B Q\(AUB)

i.e. F (v,AUB) > F (v,A) U F (v,B) .

(3.41) Lemma

}/5 < :Bn s ¥ > F+(vA,B) s decreasing.

Proof of Lemma (3.41)

Let Bef?in and vl, vze V with v1\< v2 3 by definition of

F(v1,B)

(3.42) o(vh) + FY(v,B) = Tim sup[o (v )+ (v].BY] L v
hoteo h->oo
(%

1P
Let us consider the sequence VP11 Y, vﬁ E—HQL— v1 Y v2 = v2 3 )

h+oo

(3.42)  ¢(v) + FF(vE.B) < Tim sup[e (vl wWA)FN(vE v v B))
h>to ~

From
(3.43) o (vpvvd) + o (vi AVE) = 6"(vp) + o"(vD) and

(3.44) Fh(vrll'\] vﬁ,B) < Fh(v%,B) , it follows :

¢(v2) + F+(v2',B) < Tim sup[¢h(vr1])+Fh(vP1],B):]+ Tim sup[q;h(vﬁ)]
+ Tim sup[-th(vrl]/\vﬁ)]

< o(vh) + o(v?) + FH(viB) - o(vh).

(%) The sequence (Vﬁ)he]\l is taken such that ¢h(v§) — ¢(v2) .
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We have use the inequality 1lim sup[}¢h(v%ﬁ\vﬁ)}.s -¢(v1) s O,
equivalently, ¢(v1ys Tim infk@h(v%ﬁ\vﬁ) ; this last inequality follows
from : v%;ﬁvﬁ — le v2 =yl in s-Lp(Q) and ¢ = F-(s-Lp(Q))1inl¢h.

Finally,
Fr(v2,B) < FF(viB) .

(3.45) Lemma
/’we%, Vo F+(v,w) ig convex  (p=2)

Proof of Lemma (3.45)

N
h h V.. vV
We assume that ¢ (v,w) = J a: (X)) 5= 5o~ dx
N Vv 3V
d(v,w) = J a;:(X) == =—— dx
ot o1 1150 3 3,
with a?j - agi , Fhe N, V{ig=l,....N; we denote
Ay = - g 2@l Yy, av =Y 2 (e, A
i,3=1 axi 1] axj Bxiv 13 axj
o"(v,2) = 6"(v) = (AMv,v) = &, (v.v)
¢(v,R) = ¢(v) = (Av,v) = a(v,v) .
For any v& V , let us define vﬁ by :
(3.46) AN VE S v e e M av =L v
Then,
1 *
0-~-H oV 2
(3.47) vF —2x v and fisl,...N ] a?j o Yl ya
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Let us prove that :

(3.48) fvev, Tuet,

Frivaw) = Min_ Tim sup [o"(z, )4F, (24, (v) )] «
s-L hoto ™
{z, =50}
By definition of F'(v,u) ,
o(v) + F+(v,w) = Min Tim sup [¢h(vh)+Fh(vh,w)] .
s—L2 h->40

{vh 2 -5 v}

Let v: defined by (3.47) and let us write Vi, = vﬁ +z, 03 then

. . h, * *
o(v) + F+(v,w = Min Tim sup |¢ (vo+z, )+F (vi+z, 0)]| .
(v) ) {Zh 03 h P [ (‘h h) h( h™ %h )]

Let us compute

¢h(vﬁ+zh) = ah(vﬁ+zh,vh+zh)

X % *
ah(vh,vh) + 2ah(vh,zh) + ah(zh,zh)

Bp(Vp) + op(2p) + 28 (Vihzp)

By (3.47), ¢h(v;3 —> ¢(v) 3 let us prove that

h<4oo
(3.49) a (Visz) —> 0:
h->+oo
*
v 9z
. % h h h
ay (v 2z )=J Y (Y ay: =) .« = dx .
h'"h>"h ai 3 iJ axj axi
9z 2
By assumption §§h' ClalN 0
.i
%
ov 2
. h h w-L v
By construction LAss m— ) AL e
5 1J 3Xj 3 iJ axj
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2z
h =0,

)
OX:T521, ... ,N

Moreover, rot (

%
h h . |
; = Av 1is compact in H

- div( )} ay: =—
3T, LN |

So we are in the situation where we can apply the theorem of compactness
by compensation of Murat-Tartar [19] and

ap (Vp»zp) —> 0 .

hr-teo
] h avﬁ azh . .
([19] tells us that J ( § 35 5 5;30 w 0 in D'(Q) 3

since it is bounded in LZ(Q) » 1t converges weakly to zero in LZ(Q) and

*
h 9Vh 2

in?yj RV 0) -

Finally ¢(v) + F+(v,u» = Min 5 1im sup [¢(v)+¢h(zh)+Fh(v:+zh,w)]
{z, 7L oy hteo

and

+ s .
Fr(v,w) = M;?LZ 11g»iip [¢h(zh)+Fh(zh+Lh(v),w)] .
{Zh 2 —s 0}

Now, we remark that v — Lh(v) is a Tinear operator ; the convexity of

F+(.,w) follows easily : let

2
+ . 1 1 1 s-L
F'(vy>w) = ]1ﬁ+iip {op(z,) + Fh[zh+Lh(v1),uﬂ} , 7, = 0
s—L2
+, 2 . 2 2 ~ 2
Fr(vi,w) = 11$ sup {¢h(zh)+Fh[zh+Lh(v2),uﬂ} , zg, —> 0
400
1 2 s-L?
So, Az, + (1->\)zh =—» 0 and
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+
F (Av1+(1-x)v2,w)

. 1 2 1 2
< hhm_:gp {¢h(>‘zh+(1'>‘)zh) + FhDzh+(1-A)zh+Lh(xv1+(1-A)v2),wj}

. 1 1 '
< A limsup {4, (z;) + F, [z,+L, (V1) 0]}
h h*“h h““*h " "h'"1

' : 2 2 |
+ (1-2) Tim sup {o.(z,)) + F [z, +L (v,),w]}
(1) 14 h(z) + Folzptt, (vp) 0]

< A F+(V,w) + (1->\)F+(v2,w) .

(3.50) Definition

For any ve V and weﬁ’n we define :

F*(v,w) = sup FT(v,B) = sup F(v,B) .
Becw Bew

The last equality results clearly from the equality of F+(v,.) and
F(v,.) on a dense subset of ‘an (cf. 3.19)).

(3.561) Proposition

F?t : Vx O;Z — f-" belongs to F .

Proof of Proposition (3.51)

a) By definition, ¢(v) + F+(v,w) = P'(s—Lp(Q)) Tim sup[¢h(v)+Fh(v,w)] H

it follows from the general properties of the ['-limit that

v o> ¢o(v) + F+(v,w) is lower semi-continuous for the topology

s-LP(2) (or equivalently, .w- wcl)’P(sz)).

Since v ++ ¢(v) is continuous for the strong topology of V = wg’p(Q)
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it follows that v > F+(v,w) is lower semi-continuous for the strong
topology of V . By Lemma (3.41) and (3.45) it is convex (p=2) and
decreasing.

Clearly F*(.,uo as a supremum of convex, 1.s.c., decreasing functional
is still convex, 1.s.c. and decreasing.

Let us now prove that F*(.,w) is proper :
By assumption, Inf [4, (v.)+F (Viw)] < v(w) < +e , so there exist
- veV '
o .
Vp =V, in V such that ¢h(vh) + Fh(vh,m) <y(w) + 1.

Since Fh is positive and the % equicoercive, the v, are bounded

in V
_ v if he {h,} .
Tet v, Vi_-—v-svw;taking V—h=éhk k’k = N s vy W-Vy y
k v otherwise
and

F (v® ) + ¢(v¥) < lim inf Fr(Vpsw) + 0, (V)3

h-stoo

K 340

< Tim sup {F, (v, »w) + ¢ (v, )}
iy(w) + 1.

S0,  F (VW) < 4o and FX(v¥,p) < F (V¥90) < +o 5 d.e. FX(.,q) is
proper.

b) Let us prove that F*(v,.) is a measure :

let w = wlUwz with wl,wzeUn and wp Nwy = @ ; then
(3.52) F*(V,w) XS F*(szl) + F*(V’wz)
(3.53) F*(V,w) 4 F*(V,wl) + F*(szz) .

Let us prove first (3.52) : let Bc Wy L)w2 = w 3 then

B = (Bﬂwl) U(Bﬂwz) and B ”“’1‘:“’1 > B0 w,cw, ; so from (3.24)
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FP(v.B) < FT(v,B0wy) + F (v,BNw,)
* %
< F (szl) + F (V,U)Z)
and F*(v,w) = sup F+(v,B) < F+(v,w1) + ,F+(v,w2) .

Bcw

Let us prove now (3.53) :

Let '—E'lc w; > and B, Sw, ; since Elu'-B_zc w; U w, » by definition '

of a rich family there exist I < ®(F) such that

E}Uf’zﬁzcﬂc—ﬁcwll)wz .

Since T = (I0w;) V) (TN w,) and (Hﬂwl) N (T 0. (bnz‘.) = @ from Lemma (3.32)

F (vsl) > F(vsllwg) + F (V,IRw,) .

Since TMOw) >B; and THw ,> B, and F (v,.) 1is increasing
F(v,I) » F_(vl,Bl) + F(vB,) 3

Since T wy Uy » Fr(VawyUwy) 2 F(v,B)) + F(V3B,) ;3

Since this inequality is true for any Eic: Wy and Ez‘””z s
F*(v,wlUwZ) > F*(v,wl) + F*(v,wz) .

Finally, Yuy, w,e & /o nw, =0,
F*(v,wll) “’2) = F*(v,wl) + F*(v,mz) .

The g~additivity will follow from the continuity property of F*(v,.) on

increasing sequences :
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(3.54) Yo +u, Yvev, Fv.e)+ Fv.e :

let "B—c; Umn = @ ; from the Borel-lLebesgue theorem, there exist n_eN
such that §cwn 3 SO

0
VBcow , FF(v.B) ¢ F*(v,wn ) < Tim 4 F¥(vay)
0 N->too
and F*(v,w) < lim 4 F*(V,wn)
N0
since Vn <N, F*(v,mn) < F*(v,w) the converse inequality is true

and (3.54) follows.

The extension of F*(v,.) to all the borelian sets as an outer
measure makes of F*(v,.) a borelian measure :

(3.55) fvev,iBeB . Fv.B) - 1n; FX(v,0) .
o2

c) Now let us prove that F*(.,m) is Tocal :
(3.56) Lemma
V&)—O’ Tuve v ( vy ) = (F*( )—F*( ))
C?’L’ U, v & 5 u]w— lw —-——> U/ = U .

Proof of Lemma (3.56)

Let A,Baﬁ’n , such that AcBC B cy ; by definition of F+(u,A) .

p
there exist Vi, %—%@ v such that

(3.58) o(v) + F¥(v,B) = Tim sup {o"(v,)+F, (v, ,B)} .
h-+eo
1.0 1 on A
Let us define X& W™* (Q) such that X = {0<Xs1
0 on QB

and
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(3.59) z, —u in S-Lp(Q) such that ¢h(zh,9(ﬂ) — ¢(u,2\A) .

We define ﬁh = Xvp + (1-X)z,  and remark that

. . — s-Lpgﬂz .
u on w (since v=u on w), i.e. Uy “Fops > U

Un h++£>

B { Xv + (1-X)u

Uu on Q\w .

By definition of F'(u,A)

w

o(u) + FH(u,A)

Y/

. h —
Tim sup {¢ (u )+F, (U ,A)} .
h h’" h‘"h

Since ‘ﬁ% =V, on A and AcB

(u) + FT(u,A) < Tim sup {¢h(ﬁ;)+Fh(vh,B)} .
h-~o

Now let us compute ¢h(ﬁa) : as in the proof of the Lemma (3.32) we get :

h

¢ () < f fl (x,Dvp )dx + f i (x,Dz, Jdx + (1-t)M JQ[1+\vh-zh|p|Dx|p]dx

B O\A

So,

: f ,
tpEb(u)+F+(u,A)] < ]1ﬂ+iip [Jth(x,Dvh)dx+Fh(vh,B)]

+ lim sup-[J _fh(x,Dzh)dx] + 1im sup [-J fh(x,Dvh)dX]
hotoo VA h-sc0 O\B

+]iﬂ+iip [(l-t)M [Q[1+th-zh]plDX!pldX]

Now, we remark that :

(3.60) Tim sup [—J fh(x,Dvh)dx].s -I f(x,Dy)dx , and
oB ™ ~ Q\B

(3.61) Jﬂlvh-zh|p|DX|pdx = levh—zh|p|DX|pdx Foz 0 since
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-LP 1P : .
Vi, §—L—a~ Vo, Zp Sl y and v=u on & 5 using (3.58), (3.59),

(3.60) and (3.61) :

f(x,Dy)dx + J f(x,Du)dx

p + ¥ i
tP To(u)+FF(u,A)] < o(v) + FH(v,B) [ .

O\B
+ (1-t)M de .
9/

Making t converging to one, we obtain

(3.62) FY(u,A) + J f(x,Du)dx < F'(v,B) + J £(x,Dy)dx
A B

and (3.62) is true for any A,B with AcBcBcw .

Since Bcw , (3.62) implies

F¥(u,A) + J f(x,Du)dx < FX(V,0) + ff(x,nv)dx :
A w

Taking the supremum with respect to A, Ac W:

F*(u,w) + Jf(X,Du)dx < F*(v,w) + I f(x,Dv)dx .

W W

Since u=y on w, F#(u,w) < F*(y,w) and intérverting the role of u
and v , we obtain

F*(u,w) = F*(y,w') =

'd) Let us end the proof of the Proposiztion (3.51) by proying the
following lemma :

(3.63) Lemma

V u,re ¥, 7w € 6;;, F‘*(u\/v,w) + FXupp,0) < 'F*(u,w} + -F*(fv,'w') .
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Proof of Lemma (3.63)

Let Be B;] and

+ : h s_Lp 0
u) + F (u,B) = Tim sup u, )+F, (u, ,B)] , u U
#(u) ( ) Rostco [(b( h | h'"h J h
$(v) + F*(v,B) = Tim sup rcbh(vh)'FFh(Vh’Bﬂ v s-LP(q v
h>teo - -

-LP 1P
Since u, A vy, _—SL(—Ql)- uAv and uthh —S'——L——-(QJyUVV » by definition

of F ,
d(uAv) + F (uAv,B) < ]ir}r:_)i:f [¢h(uh/\ Vi) #F (U A V5B ]
o(uvv) + F (uyv,B) < 1im inf[q;h(uh\] vh)+Fh(uh\lvh',B)] .
By addition of these two last inequalities
o(uAv) + o(uVv) + F(uAv,B) + F™(uVv,B)
< 1iﬂ»igf[¢h(uhAvh)+¢h(uthh)+Fh(uhAvh,B)+Fh(uthh,B)]'
< Vim inf [o"(u J4F, (u, B)+o" (v, )+F, (v, ,B)]
< 1im sup [¢h(uh)+Fhv(uh,B)] + 1im sup [¢h(vh)+Fh(vh,B)].

o(u) + ¢(v) + F'(u,B) + F*(v,B)

N

since, d(uh v) + ¢o(uVv) = ¢(u) + ¢(v) it follows that
(3.64) FT(uAv,B) + F (uyv,B) < F'(u,B) + F'(v,B) .

Let us take now we 0:] and A,Be 8 such that Acw ,Bcuw .

Let us take Je 0, such that AUBC ¥ <®cw ; from (3.64)
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FruAv,d) + F(u\'v.®) < Fru,B) + FF(v,0) < F¥(u,0) + F¥(v,0)
Since A< ® and B U
FT(uAV,A) + F (uVv,B) < FX(uw) + F*(v,0) .
Taking the supremum with respect to A and B ,
F*(u Av,w) + F*(u\/v,w)-& F*(u,w) + F*(v,w) .

End of the proof of Theorem (3.5)
From (3.19) fue B(FHNG, = BF) N0, F(vw) = F(v0) .

n

By definition
F¥(v,w) =_sup F (v,B) .
Bew
Bcﬁh
For v fixed, by Proposition (2.6) the set of Aeaan such that
F"(v,A) = sup F'(v,B) is rich in 3 ;
BcA

so for any ve.V there exists a dense subset of open sets such that
F¥ (Vo) = F (Vo) -
By Proposition (3.12) it follows that

33(,:*) = A(F") and V¥ vev , o eﬂ”)(F*)ﬂ Oy « F*(v,w) = F (v,0) .
We can do the same deduction with FT and

¢ % € - [ C -
HEY) =D(F7) = HF) and Yvev,fue BF*) N0, F(v.0) = FF(v,u) = FH(v,e) .
Since F'e 5 we can apply the conclusion of Ch.II and

fvev,Vuet , F¥(v,w) = J h(x,V(x)) du(x) + v(w) .
' w

Finally, we have construct a subsequence (hk)kez N and_a 1jmit
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functional F still belonging to L}’Y such that

fvev,Vue 6 N R,

FH vaw) = F (Vo) = F(V0) = [ h(x,V(x)) du(x) +v(w) .
W

The conclusion of the Theorem (3.5) follows immediately.

Let us now examine in detail the properties of the 1limit functional
when the (Fh)h = N are pure obstacles :

(3.€5) Proposition

Let F(v) + ||v| =T (s=IP(Q)) lim {F (v) + |jo|P }
— h st

»P Y
WP () WP ()

where the (Fh)h = 7 9re pure obstacle functionals :

0 if vy, on Q
Fh(v): {

+o  otherwise.

The two following statements are equivalent :

(2) F s a pure obstacle functional
g . : sP
(Z2) ( Fh)h o CSorverges in Mosco sense in whsP
Then (Fh)h e comwerges in Mosco sense to F .

Proof of Proposition (3.65)
(i) = (ii) :

Let us assume that F 1is a pure obstacle functional, F =1

KlP,

then, for every ve KlP » there exists Vi € Kll) such that :
h

F
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p .
”Vh“Wé’p(ﬂ) ot ”V”Wé’p(ﬂ)

Vi e VY in s—Lp(Q) .

1

P@) .

Therefore v, — v in s-W

_wlsP
W -y P(9)

—— v s

On the other hand if vhe Kwh s vh

F(v) + [V]§ < Tim v flf < +=

and F(v) <+» i.e. ve K, ;5 s0 K —> K in Mosco sense ;
14 U v
(i1) =»(i) :

) ) 1, . .
If (Fh)h = converges in Mosco sense in W' °P , its 1imit

functional F takes only the values zero or +« ; therefore F 1is the
indicator functional of a closed convex non void set K : F = 1K 5
moreover K clearly will be unilateral i.e.,

{K stable for the inf-operation

K+ vie K
So, K= Kw = {veV/V(x) >¥x) g.e.} (cf. [2] ), and,
Kwh — Kw in Mosco sense.

It follows from [1] that

(”'”5 + I, ) converges to (“.“p + T, ) in Mosco sense
Y heN ks

KW ’

Moreover, Fh fewe F 1in Mosco sense in that case.

and ||.4P + 1 K = NP+ F d.e. F=1
v

Let us examine now how F depends on the energy functional :
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(3.66) Example -
h 0 if vy, 4.e.0n w
For simplicity, let us take F (v,w) = {
4+ glsewhere
0 on Qh
where ‘wh = é
. -~ elsewhere,

and let us denote :

]

- . h
nvnﬁé’p(m + F(vow) = T (s-LP(@)) Tim {| v“z};p(m + F'(v,0)}

Then, Y350

il

- . h
A"v]l‘zg,p(Q + AF(vow) = T (s-LP(Q)) Tim {AHVMS;’p(Q) + F(v,w)}

Proof of (3.66)

We remark that with the choice we made of vy, »

it

1P + FOwae) = AP P + F'(vaw))

i.e. (;[.np+Fh(.,w))(xv) AP {l|.1|p+Fh(.,w)}(V) .

This property of homogeneity is clearly preserved by r-limit process so
[P + FOws) = WvfP + APF(va) e
FOWsw) = AP F(v,0)

and if F ds not a pure obstacle, i.e. if we are not in the situation
where (Fh)h = | [-converges to F , then the limit functjona] F depends
on the energy functionai!

Let us take p=2 ; then, from the Theorem 3.5

Yvev, \?wecrn . F(vyw) = J h(x,v(x)) du(x) .
(i3]
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Since  F(\v,w) = AZ F(v,w) it follows that

Vete R, Va0,  hixat) = 22 h(x.t) .

Clearly, in the situation studied in (3.66) h(x,t) =0 if ts0 ;
SO
- _ A2 _ ~=2
F(v,w) = { h(x,v (x)) du(x) = j Vo(x) h(x,-1) du(x) = J v “(x) du(x) .
W w o
(3.67) Remark

h

Suppose that the F~ are obstacle functionals and p=2 :

2(2)) Tim (v P (v o))
h->too

l|v|;2 + F(v,w) = T (s-L
From the equality

IZ + Fvw) = [V (v ,0))? since F

I
P
—é— o

it follows that

1/2

r(s-L2(0) [+ (v 0)]

) Tim (o (s-L2(@)) tim [ (v, ]
hteo h-4eo

1/2
[Vl 2+F (vo0)]
”V “ + G(v,w)

1

with G2(v.w) + 2|vl[G(v.w) - F(v.w) = 0 i.e.

6(v,0) = \IMIZF(v,0) - vl = [[Q!Dv!zdx+jwh<x,v<x)du(x)l” 2 -<JQ|Dv12dx)1/ 2

i.e. G does not enjoy special properties and it is not easy to give
directly a description of G . It is only for particular energy functionals
that it will be possible to give a simple description of the 1imit term F!

(3.68) Corollary of theorem 3.5.

The same statement of theorem 3.5 is still true when the hypothesis (iii)
of the definition of ?F; is replaced by the hypothesis:
Vo e Cn], vi—> F(v,w) 1is increasing .
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CH.IV  STUDY OF THE NON QUADRATIC CASE

t
i
|

(Variational problems associated with a non quadratic energy functional
and highly oscillating potentials).

Let us consider the situation described by Carbone and Colombini
in [8] .
Let L= LP (Iin) be a sequence of p-locally integrable functions

loc
on R" such that :

(1) 3¢ regular s.t. vy —> ¥ in LF{OC(R”)

(i1) 3In_ > v -v such that n. —> 0 in L§ (R") and

(36)
Tim sup J !Dn€|p dx € v(w) ,  (l<p<i)
0  Jw

holds with v a positive Radon measure and for any open
bounded set w« such that v(3%w) = O.

A typical situation corresponding to (#) dis the following :
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olololololo]o
ololojolololo
olofololo]lolot™
ololololo]o]o
ololo]ololo]o
o{olojofo]olo
< 2¢ -
< >
C— 3
2a
€

Let ¢y =1 on k/’ S!  where Si is the open ball of radius a
€ ieN 2 % €

centered at x; in the square P; and wg = 0 elsewhere.

Mg 2.2
Let us compute f (z l§§—| )2 dx , where
Pi i
8 .
;
1 on Sa
€
_ N
n. = ApnE =0 on S€\Sa

I
i i
0 on Pg\S€

vs; is the open ball of center x; and radius € ; . is radial, so

.o P dn_p
: 2 .n-1
IR R I
Pe PE
€ dn_p -1
= 21 J I El pn dp
a_ do~

We take n_ minimizing this integral with the boundary conditions
€

ne(ae) =1, ng(e) = 0 ; the Euler equation is



IV.3

-2
d , n-1 ,dnP°d
O (o |a%1 Hg) =0 i.e
-2
n-1 d d d - d
0 !a%¢ H% =C; so 8%' has a constant sign and H% <

_1 Ca
_dn P M1
Ca@) T O
1
-1
c.P C
dn _ 1 2
So + > =~ T => n(p) =+ n-p + C3
pT Pl
Co
and + D:E.+ €3 =1
p-1
a /o1 1 -
CE ﬁczk [ + D—_E\‘l
2 p-1 p-1
+ np + C3 =0 € ac
p-1
€
_h-1
- dn _ _,n-p p-1
Since e ( B ) Cop >
-1
dyp n-1 . n-p\P (¢ _p"
I A
€ €, p-1
Hence,

p-1' “p-n e -2 T =
. (5= a_
(51"
(2, e) " 1 bT
- £. (a p-i _ €p ) 21 (n-p)p-l
) n-p\ € p-T
‘T poI)P
€ - a /
\ €
n-p\p n-pyp
;" " e ae(B:T) n-pp-1

0
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let P e f; then there exist ~- Ei%l Square P; in P

€
n-py\p - n-p,p
L (ep) D (nepy , BT
I (Zl i 4(1 21 m(P) (g:gép—l . _E £ ]
) oN p-1’ ' ~n-p g%\P
" (ep'l - aep- J
Let us take a, Ek , k>1 then
[ e 27 oo o eppel KR DT (nep) + ()
(z]—=| ) dx 2 mP) (5=7)" ~ «
P ax, n P (R=pyp+n
€ p-l
but k(n-p) + (5= < (n=p) + ko(D) n>p
P P kp_ - P__ P__
> k + -1 1 B = k(p-l 1) > BT 1
e=>k>1 0K
b k(n-p) + (=) P
ain. 2 &5 - 1 p-
so | (28107 dx vy mP) (TP E
pt X , p-1 (Rp)p+n
€ P~
We are in the confitions of (4€) if k(n-p) » n di.e. Kk >~ﬁg— !
p 3n€ 2 g ‘
p-1
—sar n(P) (5B cnp) = v(p) .
>0
Remark
If p>n . and if we ask the (n)  to be bounded in Wi*P(R") ,
€ £50 ocC

by Sobolev inclusions, they will converge uniformly to zero and the
conclusion follows : the 1limit problem is associated with the obstacle zero.
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Now let us return to the general situation exposed at the beginning

of the chapter (assumptions J& ) ; from Carbone and Colombini [8] >
Theorem 1 and Theorem 2 :

Let AX be the family of open bounded subsets of R'  such that
m(ae) + v(sn) =0 .

Then, there exists a subsquence €k such that denoting

0 if u(x) >¢ (x) a.e.on q
FE(U,Q) = {

+ elsewhere

we get VSZe:Az R VllE:W%S:(Rn) such that wu(x) > y(x) a.e. on @

(4.1) T (s—Lp(Q)) Tim {J |Du]pdx + F€ (u,)?} = f J(xsu(x),Du(x)) du(x)
k-t /() k Q

withy;p = v + dx
2

n o e .
]RX X Ru X RBU —> R 1s a convex normal integrand.

If u(x) <y(x) for some x e Q , then these quantities are equal to +es.
Moreover,

(4.2) f F(xsu(x),Du(x)) du(x) < c[f (1+]DulP)dx + J dv].
Q ] Q

We shall prove in this chapter that j splits :

(4.3) J(x,u(x),Du(x)) = [pu|P + Jp(xsu(x)) .

(4.3) Theovrem

Under the hypotheses (Ab) of Carbone and Colombini, there exists

a subsequence ( ek) such that :

ke W

?Qé_:/lz, t”/‘uc:-* WZ’OO(JRn) satisfying ulx) >Y(x) a.e. on Q
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T (s-IF(Q)) lim {f |Du|Pde + F_ (u,Q)} = [ |Du|Pdx + f Jlxsulx)) dulz)
ko 10 r 2 2

-—

. n + . .
Jg R ¥ R —3 R 18 a convex, normal, decreasing

with {u:\)+dx

(with wu), integrand.

If ulx) < Y(x) for some =x e Q , then these quantities are equal to +o .

Proof of Theorem (4.3)

From (4.1)
(4.4) 1 (s-LP(0)) 1im {J |Du}pdx+F€ (u,Q)}=J J(xsu(x),Du(x) du(x)
kot /Q k Q

= J }Dulpdx + F(u,R) .
Q _

So F(u,2) = J J{x,u(x),Du(x)) du(x) - J |Dulp dx ; from the Raden-Nikodym
Q Q

theorem dx = h(x) du , so,

F(u,) = Jﬂ{j(x, u,Du)-h(x)|Du|P} dy = Jﬂk(x,u(x),Du(x)) du(x) .

Moreover, from (4.2) , Y uie:w%527]2n) such that u(x) » ¥(x) a.e.

0 < f J(x,u(x),Du(x)) du(x) < Cl[J (1+|DulP) dx + I dv] .
£ 9] Q

Let x,&« @ a Lebesgue point of j such that u(xo) > w(xo) .

» w. sufficiently small

Taking W, an open neighbourhood of x o

0

VXEwO, UU)>WU)+€O, 880.

l,0, 510
If ve W (R") and ﬂv—u”Lw(wo) < €, then
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Yx = v(x) > p(x) .

Let w Cuy for any k =R* » let us define

1 1
l”v—ul”k,u)= ;zﬂv-uﬂf,(u» + EﬂDv-DuHLp(w)
If [Hv—u]”k <1, then |v-ul] = < €y » SO v(x) s y(x) on w
¢ L (w)
1.
and HDV”Lp(w) < UDu”Lp(w) t g s SO

0« J J(x,v{x),Dv(x)) du(x) = G({v,w) < C[J (1+]Dv|p)dx'+ J d\ﬂ < C1
w w w

and v - G(v,w) is a convex, positive functional which is bounded

on the ball [|[v-ulf], o €13 s0, it is Tipschitz on any ball of radius

strictly less than 1 and it follows that :

1,00 n- ,
Vvl,vze w]oc(R ) such that |]v1-uan(w) <ey s levllle(w)_‘s k
Ivprull <8+ I0V2lp <k

there exists a constant Ck such that :

(3:5) 1] B0 (0,01 (0) = 306vp(6) D)} du(x) |

< G Hlvl'vgnik

H]

1 1
< Ck[‘go' ”"1"’2“Loo(w) 3 "DV1'D»"2”Lp(w)]

The same argument as for Lemma 3.41 tells us that :
(4.6) nge;ﬁ% s V k> F(v,Q) 1is a decreasing functional.

Let us prove in a first step that (4.4), (4.5), (4.6) 1imply that the
integrand k 1is an affine function of Du :
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Let us take u(x) = g + <x,

Let u g J;<g u+e , with DJE
oscillating between Zq and Z, -
Similarly, we define Gg =u_-e .

Since F{(.,Q) 1is decreasing

(4.7)  VYes0, F(U_»0) < F(u,9) < F(G;,Q) )

Taking @ sufficiently small, Q DX, 5 We shall get

00 5000 s, Txea.

From the definition of F , (4.7) can be written

(4.8) Y e>0 , f k(x,ﬁg(x),DJ;(x)) du(x) < F(u,9) < ka(x,Gg(x),Dﬁs(x)) du(x) .

Q2
From (4.5), remarking that IDG ' <k (since DU L%, 21772 )
1P @) g 7
A A A 1 WA )
(4.9)IJQ{k(x,ue(x),Due(x))-k(x,u(x),Dug(x))}dul < Ck[Eg ”u&_u”Lm(Q)J > 0

From (4.8) ana (4.9) ,

Tim j k&,u(xdee(x) du(x) € F(u,R) < Tim J k(x,u(x),DG;(x)) du(x) .
€20 /0 €20 7§

A :
Since Du€ and DJ; oscillate between 2] and z, it follows that

2,%2, k(x>u(x)»zq)+k(x,u(x),2,) -

F.) = | koout), 5D auo = | ; dn(x)

i.e. \]‘Q DX, 5 & sufficiently small, & > w(xo) s



Iv.9

. 2,42, z.+z Z,+2 ' z,+2
(k(x,g+<x, 12 2>, 12 2) du(x) = %-J K{X,E+<X, 12 2>’Zl) + k(x,g+<x,—l733,z )
3 Q 2

2 du(x).

=

Dividing by |u(Q)| , and making Q + {x,} » we get :

2.+2, Z.+Z Z,42 2,42
1772 "1 72 1r 172 172 -
> ) =-?Lk(x,g+<x, 5 >’Zl) + k(X,E+<X, 5 >522)L

k(x,&E+<x,

Z.42
Since this is true for any & such that ¢ +-<x0,-—l?—g> > w(xo) we get :

v . 21+ZZ 1r
(4.10) wpp x> Vey(x), k(x:8s ~5=) = 5[k(x:E,2;)+k(x,8,2,)] and

z = k(x,&,z) is affine.

Step_two : Let us prove that k 1is independent of z .

From (4.10), ¥Yae A

n
¥ousy F(u,Q) = jg[izlgi(x,u(x)) %§;-+ a(x,u(x))] du(x) .

Llet £ > q)(xo) and z& R" ; taking Q »>x_ , o sufficiently small

0
the function u(x) =g + <X=X 52> will satisfy

E+p(x,)
V Xe Q » u(x) > n s y(x) with p = ———?—9— .

Since v »— F(v,) 1is decreasing

F(U,Q) \< F(n,ﬂ) -i.e-

n
(4.11) jﬂ[,il 9 (xu(x))2:4q(x,u(x))] du(x) < JQQ(Xm) du(x) -
i=
< C1 w(Q) (from 4.2) .

Dividing (4.11) by wu(Q) and making u(Q2) go to zero :
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n .
(4.12) u - pp x, '21 gi(X,E)Z.i + 1(x,:€) < g(xsn) < Cl .
1:

n
Since this is true for any ze& R , (4.12) implies that
Ye>ux) s g8 =0 (Ti=li..n) .
1,00, 0 .
So F(u,Q) = J g(x,u(x)) du(x) , Y u e:w]SC(R Y with usy .
Q

From the definition of the integrand j (cf. [8] ) , it follows that

F(u,Q) = J g(x,u(x)) du(x) , Vljezw%éz(RIH with uxy .

Q

Let us come back to the situation described at the beginning of
this paragraph :
we are going to compute the 1limit functional by a compactness argument :
we assume that the obstacle is periodic ; in each all w& is given by :

_ U o
i b =1 on kg D_
P .
€
<;§;> v =0 on U p'xp’
— € i € €
Let

v (s-LP(Q)) Tim {J lDulpdx+F€(u,m)} = J |Du|Pdx + J F(x,0(x)) du(x)
~ Q Q

ey

0 if u(x) Y _(x) on w
with F_(u,w) = )f €

[ 4= elsewhere.

Clearly, Jj(x,t) =0 it t>1 ; by an homogeneity argument (the homogeneity
is preserved by I'-limit)

' _.p
i(x,t) = a(x) [(t-1)7]
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So the 1imit term can be written I IDu P dx + J ]‘(u(x)--l)“]p a(x) du(x) .
2 w

The problem being clearly invariant by translation, the measure adp

is the Haar measure on Rn , SO - C s.t. ady = C dx ; finaliy

I (s-LP(9)) lim [JQ‘DU‘de+F€(an)] - j |Du {Pex + CJ {uix)-1] )F dx
] Y w

The constant C depends on the shaje and the size of the Dl and on

p and n
By definition of the T (s-LP) 1imit

(4.13) Yu etWé’p(Q) , J (DulP dx + CJ [(u-1)7P dx
9

2
= Min Tim inf J ]Du€]p dx .

s-LP €20
{ u_ ——>u

u > on Q
8/w€

In fact (4.13) holds for a subsequence € - The convergence result
for the whole sequence will follow from the identification of C , i.e.
from the independence of C from the subsequence Ep In order to
compute C it is sufficient to compute the right hand side for a
particular function and a particular domain.

Let us take u=0 and Q =D ; remarking that mes(D) =1

(4.14) C= Min lim inf f [Du_|P dx .
s-LP €0 D

We assume that C 1is finite i.e. :

R s-LP
(4.15) 1 vy W, v, —— 0 with vaﬂwl,p(D) <C.
0

That's the case in the situation described at the beginning of this

chapter when (V. =1 on U S; s we =0 elsewhere

= n £

n-p
s 14P<n

o
<

a.
LT
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From (4.14) clearly C = Min Tim inf I[Du |p dx : this follows
' § u€—>0 €0 D €
u >0
1 Ul
u_=1on )]

from the fact that the troncature r —>r A1 operates on Ni’p(D) .

Let n. be the function defined at the begining of this chapter.

P 2e
~ e .i
/ P:: D€
TEY i i <l
//n*:\ S ne e N Se

i g
0 on S.\D

such that n_ —3> 0 in s - LP() .

(4.15)  Then C.< Tim inf f |on [P dx .
€0 D

In [11], when p=2 and when the DE are spheres, Murat and Cioranescu
proved that the converse inequality is true

(4.16) C = Tim [ IDn_|% dx .
ev0 /D €

It seems reasonable to conjecture, for any p and any D; , that C
is given by :

C = Tim J |Dn_|P dx
e»0 D €
= Tim 1 Cgp DT
>0 (2¢) €
. P . p
with Cap D_ =  Min [IDu| dx
g u=1 on D'
_ €5
{ u=0 on 3P
€

In the situation described at the beginning of the chapter :
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_ I n-p,p-1 i . o =
C = o1 (1) for D_ of radius a_=¢

o

Let us interpret very simply this constant :

by a change of scale, when D; is the homotetic of coefficient a. of

D c:R'], we get :

C = lim —~  Min J IDu|® dx .
e~>0 (2¢) §'u=1 on Dg S

1,p
Luekg P (s,)

€

Taking u(x) = v(=—) ,
£

¢ = 1im —L = Min f loviE P L aXy x a"
e>0 (2¢)yv=1onD S 3

We refind that C = 0 if a ¢ "

and when a€

n
™
~
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Clearly K, = }v =WoP(R") /v=1 on D,v=0 outside of S 1
e

: ag -

converge in Mosco sense to

K={va WPR") /v=1 on D}

(we remark that -;:———'>+oo when ¢ — 0) ; so

€
C = lﬁ- Min J [Dv[P dx = lﬁ- Cgp D .
2 §v=1 on D rR" 2 R"
chwl’p(R "

So C can be interpreted_gs the capacity in R " of the set D .
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CH.V  BILATERAL CONSTRAINTS

Theorem 1

Let V= Wi’p(ﬁv » bV and two sequences of functionals ,(Fé)hejv

and (Fh), _p sabisfying (i), (i), (iv), (v), F, decreasing, Fy
inereasing, Fi(w,w) = Fi(w,w) =0 for every we 6 .
Then there emist F' and F° satisfying (), (<1), (iv), (v),

7t decreasing, 7 increasing and there exists a subsequence (hk) such

that :

fuev, Toe 6,

n

[ul? + P uhpyw) + Py pw) = 17 (s-1F Lim [JolP+r. (v,0)4F (v,0)]
k x

VU
In fact
P + Fltuw) = T (s-IP) Lim [ﬂvﬂp+Fi (v,w)]
VU k
[P + FPuyw) = T o=IF) Lim [|olP+F2 (v,0)]
VU 5
Proof
By Theorem 3.5 and corollary 3.68 , there exist F1 R F2 and h

k
(denoted by h for simplicity) such that

1P+ Fl(.,)

I (s=LP) Tim [ 0P+Fp(00)]

1P + F2(.,w)

n

r(s-LP) Tim [].1P+F2( . 0)]
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We shall use the following very simple Temma :

Lemma

Let y&V and F: V —> R” such that F(yp) = 0 and
Vuve vV, FluVv) + Fuhv) < F(u) + F(v) .

Then if F <s devreasing (resp. increasing) for every ue V

F(u) = F(uhAy) (resp. F(u) = Fluly)) .

Proof of the Lemma

We have F(uAy) + F(uvy) < F(u) .
If F 1is decreasing F(u) < F(uAy) and if F 1is increasing
F(u) < F(u ¥ ¢) . The result follows.

Let us pkove now the Theorem. Let ue&e V ; There exist u, —> u

in Lp such that

r"(s-LP) Tim [[v® + Fp(va0) + Fp(va0)]
V>U

= 1im [JuglP + Fp(up.0) + Fp(up.0)]

= Tim [Ju, AvlP + Ju VolP - JlulP + Fh(uh’\ Vi) + Fp oty v 0sw)]

WV

Yim [y 1 + FCu, )]+ Tin [ug v olP + Fa(u v v - ol

\'

lutwlP + Fleu v, + JuvelP + FPuyow) - P

‘;Iul‘p + Fl(uﬂ Uow) + FZ(u\,f'w,w) .

A\

Conversely, let u« V . There exist u% — ut¥ in LP and

uﬁ — u Vy in LP such that
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TulP + FLuhpaw) + Fo(ulp.w)

SR u kel o+ uvelP + FRu g waw) + FE(u Tpaw)

- JoIP + vim [l P+ Frugao) + JuZlP + Fa(ud,m)]

- 1P + Tim [|uh| + Fh(uh/\w,w) + Huh} + F Vq),w)]

S PolP o+ T CRLP + ROl ) v uhu)) + )P

%

+ FE(UEVY) A (u v 9)w)]

= wlP + T DIV IP + Fp(vp.m) + IVEIP + FE(vE.)]

A\

b 3im (PP - IVIPY + 2im (2P - V2P
where v% = (uﬁ/\d)) Y (uAy) and V,,Z] = (U}%‘W) A (uvy) .
But  Tim [fu, [P - [vi ]

= im [l 4ulP + QuivlP - el - iR

Tim [up Av) A (uhp)fP + IvpIP = fludylP + Ius V) & (uhw)|P

F el o) v whs WP - dlP - (olP - (vP)

vim [l Aw) A (AP - JudwlP] + Jin [fd 19) 4 (@ iw)IP - u ol

A\

+ 1im [|§(uﬁ Vo) v (uAwlP - jlelP]

WV
o



V.4

With a similar decomposition we obtain

Yin [jup? - P15 0 -
Hence we have |
”u”p + Fl(“/‘w,’w) + FZ(U Vpsw)
p~lulP + T [vlP + Folvisw) + VAP + FAGV2, )]
Let us define Vi by
iy
h

1
Vp U SV v

. 1 - -
Since v -y = - (ué-w)v A (u-y) <O
vVEeus (Bt ()t s 0
and inf ( (uh v A (u-y)” (Uﬁ-wf'/\ (u-p)") =
we have = (v -p) = - (vl- ) and (v-y)t = v -
that is v1 =y = (v-p) =v A and v2 =y + (v - )+ = v, ¥
In addition v, —> u in LP .
It follows
Jul? + FH(uhvaw) + F(u Vyaw)
> = ol + T Qv Awl® + Fp(vpdwsw) + v VulP + F(v Y gow)]
2 T_- Ulvhl vhSU)) + F hsw)']

> T (s-LP) Tim [v|P + F%(v,m) +F
v-u

ﬁ(v.’w)]
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In conclusion

P + Fluh g + FP(uv e = [Ts-tP) Tin [ viP + F(vow) + Fp(vs) ]

\ad'!

Example - Problem with holes

Let S; be a hole as in paragraph IV and e:Hg(gb .

€

Let F,l] and F2

h be defined by (€ =-%)

0 if uszyp on w()(Ush)
FI']';(U’UO) = . i’ %e

+x elsewhere

"0 if u<y on w O (UST)
Fﬁ(U,w) = { ag

+o elsewhere.

By Theorem V.1 and result of IV, we obtain
2 -2 +2
[0ul?+ e | (wan)? ey | (wme))
Q w w

- (L8 i [ 0v] + Fyu) + F(v0)]
f

v-U

and in particular

Min {J |Du|2;u€H(1)(Q) s, u=y on (U si)
Q >

—+MM{wa2+QJ(waf+szuww52;ueHhm}-
w

w

If vy =0 we obtain, since C1 = C2 =C,

Min {J |Du|2 s ue Hé(Q) s u=0 on w ()(()5; )
Q €

— Min {J IDu!2 + C J |u12 Ue Hé(Q)} .
Q

w
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