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THEORY OF NON-ANALYTIC FUNCTIONS OF A COMPLEX VARIABLE. 'λ'ΐη 

Theory of non-analytic Functions of a complex Variable ; 

BY Ε. B.AIIEDRICB, LOUIS 1IXGOLD 

USD W. D. A. WESTEALL. 

I. Introduction. — This paper is concerned with the extension of 
the classical theory of functions of a complex variable obtained by the 
removal of the restrictions imposed by the Cauchy-Kiemann equations. 
Only certain very general continuity and differentiability conditions 
are retained. 

The analytic theory is regarded as being equivalent to the theory 
of a special type of transformations from a pair of variables (,#, r) to 
another pair (u

}
 r). The removal of the above restrictions permits 

much more general transformations to be considered in the same way. 
The paper is written (as is the classical theory) in the language of 

function-theory rather than in the language of transformations. It is 
certainly true, as is often insisted ('), that the study'of such transfor-
mations can be made without the use of complex variables. It is equally 
true, however, that the study ofevèn an analytic function is only a 
study of its components, which are real functions, and that the com-
plex variable is, therefore, in no Avay essentially involved. 

The theory of analytic functions, however, is already developed, 
and it has seemed to the authors that the results of that theory can be 
much more conveniently utilized in the present paper if the same phra-
seology is employed; furthermore the use of the complex variable 
makes it possible to compare the results of this paper with those of the 

(') See PICAHD, Traité </'Analyse, vol. 11, p. i. 
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special analytic case, and to better recognize the true position of tins 
special theory in relation to the more general theory. 

The word function is employed in the general sense defined by 
Dirichlet. A complex variable w is a function of the complex variable 
ζ in a given region R if there exists a value of w corresponding to each 
value of 5 in that region. The ordinary technical terms of function-
theory, as multiple-valued, single-valued, etc., are used with their 
usual meanings. 

The two outstanding properties of analytic functions wich lead to 
the Cauchy-Riemann equations are the conformai property, and the 
equivalent property of possessing a unique (*) derivative. 

In the case of non-analytic functions it is natural to inquire, in con-
nection, with the first of these properties, how the angular distortion 
at a point is related to the directions of the sides of the angle. 

It is found that for a fixed angle in the plane of the independent 
variable there are, in general, two directions for the initial side cor-
responding to which the angular distortion takes on extreme values. 

These directions vary with the angle, but are perfectly determinate 
even in the limiting case in which the angle under consideration 
approaches zero. For this special case the two characteristic direct ions 
coincide with certain directions discovered by Tissot in connection 
with mapping problems. 

A similar study is made in regard to the difference quotient. It is 
found that there are two directions at each point in the plane of the 
independent variable along which the square of the limit of the abso-
lute value of the difference quotient takes on extreme values. It is 
particularly interesting to note that these directions coincide with the 
directions of the special case mentioned above. 

The lines which these two directions determine (here called charac-
teristic lines), are studied by means of the fundamental quantities E, 
F, G, defined precisely as the fundamental quantities of differential 
geometry. The lines are somewhat similar to lines of curvature. A 

(') It is customary to say that the derivative does not exist in case the limit 
of the difference quotient is not unique. There are, however, occasional depar-
tures from this practice, 
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distinction between analytic and non-analytic functions is that the 
characteristic lines of the former become indeterminate. This is com-
parable, in differential geometry, to the case of the sphere, whose lines 
of curvature become indeterminate. The indicatrix of differential geo-
metry is analogous to Tissot's indicatrix, which becomes a circle in the 
analytic case. 

The notion of the ellipticity of a function is introduced. This is the 
absolute value of the difference between the semi-axes of Tissot's indi-
catrix. The ellipticity can be used as measure of the divergence of a 
function at any point from an analytic function. 

A second approach to the study of this theory is made through the 
Beltrami equations. Use is made of the result that any two complex 
functions on a given surface are analytic functions of each other. By 
considering the special case in which the given surface is a plane a 
complete classification of functions is obtained. Functions of the same 
class in a given region are the functions which are defined in that 
region, and which are analytic functions of each other. From this 
point of view analytic functions defined in a given region simply 
constitute one of these classes. 

Many theorems of the usual theory of analytic functions can be 
generalized to apply to functions of any one class. Thus there exists 
in each class a theory almost coextensive with the analytic theory. No 
attempt has been made here to push this generalization to its conclu-
sion, but to illustrate this possibility, the method is applied to one or 
two of the more important theorems of the ordinary theory. 

Finally, it should be mentioned that throughout the paper only 
those regions are admitted in which the functions under consideration 
are free from singularities. A future paper is contemplated which will 
include a study of the properties of non-analytic functions in the 
neighborhood of their points of discontinuity, together with exten-
sions of the ideas of the present paper. 

2. Directions of maximum and minimum angular distortion. — 
One of the most prominent distinctions helween analytic and non-
analytic functions lies in the fact that in the case of analytic functions, 
the correspondence between the planes of the dependent and indepen-
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dent variables preserves angles. In the case of non-analytic functions, 
it is of interest to inquire in what manner the amount of distortion 
of angles at a point varies as the sides of the angle vary in direction. 
This question will now by investigated. 

We denote, as usual, the independent variable by ζ — χ -+- iy and 
consider the function 

(<) tv — u + iv =/{z). 

Let u and r, the real and imaginary parts of w, and also their first, 
second, and third partial derivatives ( ') be assumed to be continuous 
in the regions considered. 

Wc introduce the fundamental quantities E, F and G, defined as 
follows : 

('!) (τ,) +[7ΰ·)' G=W) + (ττ.) 'F = du du / dx dy + dv / dy* 

Tliese quantities are, of course, not independent. Since they are 
obtained from a certain representation of the plane, they must satisfy 
the partial differential equation Κ = ο where Κ is the expression for the 
Gaussian curvature of the differential form Er/.c2-h iFd.cdy i\dy-. 

Now consider tAvo directions in the £-plane determined by tan 0 = h 
and tanc5:=/n, where the angles θ and ο are measured from the 
u;-axis, and suppose that the angle α = 0 — ο remains lixed while m 
and h vary; then Ave have, 
(ο) iana=/i'= — 

Denote by β the angle in the n -plane corresponding to a. An easy 
computation gives 

k(I + m²) VEG - F² 
(41 H ~ Ε + FA + [A(G - G) 4- 2 F] m (G — FA) ,n* 

In the usual manner the following equation is obtained for the 
values of m which yield extreme values for tan β when they exist. 

(5 ) [A(G — E) :>. F] m- — 2(G — Ε — 2 AF) m — k( G — Ε) — 2l; = o. 

If the coefficient of m2 in this equation does not vanish, it is nuineri-

(') The curvature Κ introduced below involves the third derivatives of u and <·. 
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callv equal to the term independent of rn but opposite in sign. The 
solutions of (5) are then real and are the negative reciprocals of each 
other. The corresponding directions are therefore perpendicular to 
each other. We shall call them the principal directions of the func-
tion w wit/ι respect to the angle a. 

if the solutions of equation (5) are distinct, then one of the solutions 
corresponds to a maximum value of tan β and the other corresponds to 
a minimum. The general proof of this statement is omitted on account 
of its length. The proof for the case that is of particular interest to us 
is given in § 7. 

If the coefficient of /η3 vanishes, we shall say that the directions 
parallel to the axes are the principal directions. These also correspond 
to maximum and minimum values of tan β. 

In case the coefficients of both m and m- vanish, equation (5) dege-
nerates altogether, and we shall say that any two orthogonal direc-
tions are principal directions for this case. Here it may be seen that 
Κ = ο and Ε = G, so that tan β is independent of m. We collect the 
results for the various cases mentioned above, in the following theorem. 

THEOREM I. — For any function w of the complex variable ζ there 
exist, through each point of the z-plane, two principal directions 
with, respect to any fixed angle a. These directions are perpendicu-
lar to each other. 

5. Special cases. — There are several interesting special cases of 
equation (5). 

(a) If G = Ε, the equation becomes 

m- -t- km — 1 — o, 

and is independent of the fundamental quantities, so that for all such 
functions, the principal directions for a given value of k al a given 
point are the same. 

(b) If F = o, the equation becomes 

km1 — :2 m — k — ο. 

and is again independent of the fundamental quantities. 
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(c) If « is a right angle, k becomes infinite and the limiting form of 
the equation is then 

(G — E)m2 + 4F»i—(G — E) = o. 

The values of tan β corresponding to the values of m which satisfy 
this equation reduce to 

^ a^(EG-F«) 

\/[(G — E)2-t- 4b2] 

(d) If both Ε = G and F = ο, the equation degenerates. In this 
case it can be shown that u and ν satisfy the Cauchy-Riemann equa-
tions, or it can be seen that the expression for tan β reduces to 
k, and the function in this case will be said to be analytic at the 
point(1) 

4. The limiting case k = o. — If we consider the limiting case in 
which the angle α reduces to zero we see from formula (4) that tan β 
also vanishes. In this case, instead of considering the maximum and 
minimum values of tan (3, we may consider the maximum and minimum 

values of the limit of as κ = o. The corresponding form of équa-

tion (5) can be obtained by simply putting k■ = ο in that equation, 
which gives 

Γ m2 — ( G — Ε ) m — F = ο. 

The values of m satisfying this equation correspond to maximum 

and minimum values of where ψ is the angle in the or-plane cor-

responding to the angle 0 in the v-plane. 
A detailed discussion of this limiting case will be given in the next 

(') We shall use the expression analytic at a point Ρ in this sense, even 
when the function is not analytic at any other point in the neighborhood of P. 
This concept seems to be interesting and to be capable of development. Thus, if 
a function is analytic at each point of a set (E), it follows immediately from the 
continuity conditions already assumed that the function is analytic at every 
point of the first derived set (E'). In particular, if a function is analytic al a set 
of points that are dense in any region (or on any curve) the function is analytic 
throughout thai region (or on that curve) provided the continuity conditions 
remain true. 
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few articles, where the equation for m derived above will be obtained 
in a different connection. 

o. Directional dérivalives of functions. — Instead of studying the 
variation in the distortion of angles, the variation in the value of the 
limit of the difference quotient may investigated. It will be convenient 
to regard this limit as a derivative associated with a given direction, 
and to use the usual notation for a derivative. The limit will be called 
the directional derivative of ir. 

By definition 

~j~ —— I'm r r-r 

The assumptions that have been made concerning the functions u 
and ν permit the use of the law of the mean for functions of two 
variables. Thus Ave have, 

Δμ = -γ-Δ.τ η—Γ Δν + R,, 

Ai- — -?— A3? —— Δ y + Rjj 

where the remainders, U, and R2, are such that 

hm -— = o, Inn — o. 

By the use of these formulas we obtain 

Έ = U; +m {Ty + ài) ;(, + '"·) 

+ ' |_Λ7· + \3J· ~ 51·) - ÏÏ7-J : 0 +m²), 

where άζ is supposed to approach zero in such a way that ̂  appro-

aches the limit m. The discussion can be easily modified to suit the 

case in which ~ approaches zero. 

By squaring and adding the real and imaginary parts of^r we 
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obtain 

r/tv 2 Κ -+- ·>. ni F -4- m- ( Ε -4- G ) -4- 2 m* F H- ni' G Κ -1-2 m I" -4- G m-
ôfc ( 1 -4— ni y~ n- m-

This last expression is seen to be equivalent to ̂  where ds and <h 
are the corresponding differentials of arc length in the c-plane, and 
in the w-plane, respectively. 

(>. The principal directions for the dériva! he. — We have already 
considered the distinction between analytic and non-analytic functions 
based upon the conformai property. A further fundamental distinction 
between them consists in the fact that the directional derivatives of 
the latter at a given point are not unique, but depend on the manner 
in which the increment of the independent variable approaches zero. 

It is of interest, then, to know in what way these directional deri-
vatives vary as the method of approach to a point varies, and in parti-
cular, to know whether the absolute value of the derivative regarded 
as a function of hi, takes on maximum and minimum values. This 
question will now be considered. 

For convenience Ave write 

^ ^ ' dz I î-i- ni-Gm² 

The quadratic equation in m which determines the extreme values 
of r, when they exist, is 

(7 ) F -4- (G — F)m — F/ni — o. 

This is the special limiting case of equation (5) which was considered 
in £ -4. That this should be so may be seen by noticing that from 
equation (4) we have 

I1111 —~ = — -· 

If F does not vanish equation (7) determines tw o mutually ortho-
gonal directions. These are the principal directions of the function w 
with, respect to a zero angle. W e shall call them simply the principal 
directions of the function w. 
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These directions for any non-conformal transformation of any sur-
face were discovered by Tissot (■) in connection with mapping 
problems. 

If F = ο and Ε φ G, \vc shall say that the directions parallel to the 
axes arc the principal directions. If F = ο and Ε = G we shall say that 
any two orthogonal directions are the principal directions. Thus in 
all cases wc have the following theorem. 

THEOREM II. - For any function of the complex variable ζ there 
exists, through each point of the z-plane, a pair of principal direc-
tions. These directions are perpendicular to each other. 

The pair of principal directions through a point is unique except at 
points for which Ε = G and F = ο. 

The curves determined by the solutions of the differential équa-
tion (7) will be called the characteristic lines of the function vv. 

7. 77/ e maximum and minimum values of r. — The equation (7) 

regarded as an equation for m may be written in either of the forms 

(8) — , h 4- F ni — 

Let λ denote either of the values of m satisfying equation (7) and 
let ρ denote the corresponding value of r. Then from equations (8) 

(9) 0 zr ; > or · Ρ =: l·, 4- I' /. 

The elimination of λ leads to the equation 

(10) p- — ( F 4- G )p — F2 ~ ο. 

The two solutions of this equation, when different, will be called 
the principal expansion factors of the function w. 

Equations (9) can be solved for Ε and G in terms of ρ, λ, and F. 
When the resulting values are substituted in equation (6), theexpres-

(') TISSOT, Sur les cartes géographiques (Comptes rendus, 1849). 

Journ. de Math·, tonic II. — Faso. IV, 1923. 44 
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sion for r reduces to 

00 . r = p - F (m - y)² / y(1 + m²) 

From this it follows directly that if λ is the positive solution of 
equation (7), then ρ is the maximum of /· at points where F is positive, 
and the minimum where F is negative. This may be seen also by 

computing from equation (11). 

If F = ο while G -φ Ε, the equation (6) for r becomes 

r = E + Gm² / I + m² 

from which we see that if G is positive and greater than E, r = Ε is a 
minimum corresponding to m = o, and that =G is a maximum 
corresponding to m = so. If G is negative the maximum and minimum 
values are interchanged. The argument is similar if E> G. Thus in 
every case we have proved the following theorem. 

THEOREM III. — The value of r at each, point of the z-plane, cor-
responding ίο one of the principal directions is a maximum, aricl 
the value corresponding to the other principal direction is a mini-
mum, whencner the solutions of equation (10) are distinct. 

8. Fundamental property of characteristic lines. — The charac-
teristic lines form a special orthogonal system of lines in the --plane. 
The lines of the w-plane corresponding to them also form an ortho-
gonal system. This suggests the problem of determining the conditions 
which an orthogonal system must satisfy in order that the corres-
ponding system may also be orthogonal. Let ρ (χ, y) = const., 
q = const., be an orthogonal system of curves in the --plane which 
corresponds to an orthogonal system in er-plane. Along one of the 
curves q = c, χ and r may be regarded as functions of ρ, and along 
p — c they may be regarded .as functions of q. Similarly, in the 
w-plane, u and ç along one set of the corresponding curves may be 
regarded as functions of ρ and along the other set, as functions of q. 
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The conditions of orthogonality in the two planes are 

dx/ dp dx/dq + dy/dp dp = 0 

Thé second of these may be written in the form 

f du doc du dy\ / du dx du dy\ 
\dx dp Oy dp J \dx dq dy dq / 

+ dp dy dp ) \ dx dq Oy dq ) °' 
or 

ε <b +τ(^. .y
 +

 y <y\
+

c/jz d.i _ „ 

and by means of the first equation this can be reduced to 

pfty—(G—F.) τ- ~r—=». 

or to a similar equation with ρ replaced by q. Now along one of the 
curves η — c, 

dq dx dq dy _ 
dx dp dy dp ~0. 

By means of this formula the equation above reduces to 

F (dq / dy)² - (G - E) dq / dy dq / dx - F (dq/dx) 

The function ρ satisfies the same equation. These equations show 

that m =— (^J.) · (^y)
 corn

P
ute(

i f
l
'
om q ==■ c and the correspond-

ing value computed from ρ — e, both satisfy equation (5). These 
curves are therefore the characteristic lines. Thus Ave have proved the 
following theorem. 

THEOREM IV. — The only orthogonal system of curves in the 
z-plane which corresponds, by means of a. given non-analytic 
function w, to an orthogonal system in the w-plane, is the system 
of characteristic lines of the function w (1 ). 

( ') For a geometric proof of this theorem see Darboux, Leçons sur la théorie 
générale des surfaces, vol. Ill, p.49. 
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9. Tim Beltrami Equations. — The Gauchy-Riemann equations 
have been generalized by Beltrami to apply to a complex function on 
any surface. These generalized equations arc valid for complex 
functions in a plane. We have, therefore, for any function tv = u -f- /V 
of the complex variable s the follow ing equations : 

du / dx = +- (E dv/dy - F dv dx) : J, J = VEG - F² 

du / dy = +- Fdv/ dy - dv /dx : J 

and also the equations obtained from these by interchanging the 
functions u and c. 

From these equations u may be eliminated by equating the two 
expressions for the second parlial derivative of it with respect to .v 
and y. This is permissible, since the second derivatives of u and r are 
assumed to be continuous. Similarly, c may be eliminated. When the 
elimination is performed, it is found that it and ν both satisfy the 
following partial differential equation of the second order : 

(.2) 
G (Ρ 0 Ε ύ*Θ _ AF ύ*θ 
.1 Ο ι-I J ây- J à.ν ϋν 

+
 fli)_^U

 +
 r!®_l3k

=0

. 

If, in the equation just obtained, the quantities F, F, and G ave 
replaced by three quantities proportional to them, the equation would 
obviously remain unaltered, since in each term the factor of propor-
tionality would occur in both numerator and denominator. 

«/ 

If r is a solution of equation (is), the solution «satisfying Beltrami's 
equations given above is determined except for an additive cons-
tant. 

10. Classification of functions. — The generalized Laplace equa-
tion obtained at the close of the previous article may be used as the 
basis of a very convenient classification of functions. I t is well known 
that all functions on a given surface are analytic functions of each 
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other ('). This is true, in particular, for functions in a plane. It 
follows that all functions "whose real and imaginary parts satisfy equa-
tion (12) are analytic functions of each other. All such functions 
which are defined throughout a given region except at a set of points 
whose derived set is finite, will be said to belong to the same class in 
that region. 

Since the ratios of the quantities E, F, (i, determine equation (12), 
these ratios determine the class to which a function belongs; thus if 

we write ρ = y = wc may say that any function whose funda-

mental quantities determine the ratios /> and y belongs to the 
class (/>, y). 

The following statements are easily proved : 
Every function (subject to the continuity and differentiability 

conditions previously specified) belongs to a definite class, in a given 
region. 

JSo function belongs to two different classes in the same region. 
The totality of analytic functions in a given region constitute a 

separate class, the class (0,1). 

There exist functions belonging to every class in a given region. 
Equation (12) will be called the differential equation of the class 

determined by the quantities E, F, G, appearing in its coefficients. 

11. The ellipticily of « function. — In order to picture more 
vividly the behavior of a function in the neighborhood of a point, an 
ellipse may be constructed whose axes lie in the direction of the 
characteristic lines at that point, and whose semi-major and semi-minor 
axes are equal to "the principal expansion factors. The ellipse con-
structed in this manner has been called Ti.ssol's indicatrix. 

The semi-axes of Tissofs indicatrix are obtained fromequation (10) 
of £ 7. In order to determine under what circumstances the indicatrix 
reduces to a circle we form the discriminant of this equation, which 
is, (E -t- G)--— 4 (E(i — F-). This can be reduced to (G — E)2 -+- 4E~\ 
so that the discriminant vanishes only if G = Ε and F = Ο. 

(') See INCAIU), Traité (TAnalyxe, vol. il, p. 9. The restriction which we 
have introduced below, that the functions have a common region of definition, 
should be included here. 



M / 040 Κ. 1U HED1UCK, LOL'IS 1NGOLD AND W. D. A. WEST FALL. 

If these equations hold only at certain points, such points will be 
called analytic pointa of the function. These points may be isolated, 
or they may fill out a curve in the ;-plane, or* they may cover an 
entire region of the plane. In any case, they form a closed set. When 
they cover an entire region 11 the function is analytic in U. 

Since the two principal expansion factors are equal at analytic 
points, we have equation 

p, — p, ~ <>. 

In the neighborhood of analytic points (assuming continuity) the 
difference of the principal expansions becomes smaller and the func-
tion behaves more and more like an analytic function. The absolute 
value of the difference between the solutions of equation (10) may be 
taken as the measure of the divergence of the function from an ana-
lytic function. 

The expression 
1 ρ ι ρ -1~~0 > 

will be called the elliplieity of the function, (iiven a set of points Ρ,, 
P

2
, ..., P

;l
, ... thai have a limit point P, if the elliplieity at P, is ε, 

and if lim ε/ = o, the function is analytic at P. 
i - V β 

12. The indicatrix for functions of the same class. — If two 
functions belong to the same class in a given region, the indicatrix of 
one of them is related to the indicatrix of the other in a very simple 
way. The indicatrix, al a given point, is determined by the values of 
the principal expansion factors. Since the quantities E, F, G, for two 
functions of the same class are proportional, it follow s from the form of 
equation (10) that the principal expansion factors for one function 
are proportional to those of another of the same class. It is assumed 
that the factor of proportionality neither vanishes nor becomes infinite 
at the point under consideration. Thus we obtain the following 
theorem. 

THEOREM V. — The indicatrix of any function is similar to the 
indicatrix of any other function of the same class, at points for 
which the factor of proportionality beeween the fundamental quan-
tities neither vanishes nor becomes infinite. 
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15. The proportionality factor. — We have already noted that 
the fundamental quantities E, F Jand G, must satisfy the differential 
equation Κ = 0, where Κ is the expression for the total curvature of 
the differencial form 

Κ dx- 4- 2 F dx dy -+- G dy*. 

The equation Κ = ο, written out, is 

2.1 |_<Ar \ (\v J dx)~^~ dy \J dx .1 dy ICJ d.r/J= 0. 

If we substitute λΕ, λ F, λ(ί, for Ε, F, <i, in this equation, we 
obtain equation (12) with log λ in the place of 0. Asa result, therefore, 
we obtain the following theorem. 

TIIKOKKM VI. — The logarithm of the factor of proportionality 
of the two sets of fundamental quantities that belong to two func-
tions of the same class must satisfy the differential equation of the 
class. 

14. The class of a function of a function. — Let W, = U, -M V, 
and \V.,= U, i.Y., be two functions of ζ of the same class. We 
wish to consider how they are related when they are regarded as func-
tions of a function w = u -h iw 

Since the two functions (as functions of z) are of the same class, 
Ε, = XF.,, F, = XF

a
, (ί, = Χ(ί

2
. The variables are now to be changed 

from the pair (>v,y) to the pair (//,»'). The formulas for the new-
values of the fundamental quantities are 

e111 ~r~ — 2 ^ 11—;—t- 1 ( -z— ) 5 

°'ΐΛΐ Jï ''|h| — 1( j 
E2/dry .. do do ( do\-

c2 (dy) dx dy dx 
' ~l«\Crs — Fjj 

with the corresponding formulas for/,, /'
2

, and g
{
, g±. 

In the lirst of these formulas we may replace E,, F,, (ί,, on the 

right by their values, Χ,Ε.,, XF
a

, XG2. The result is times the second 
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expression on the right. Thus 

ye1 / j² = c2 / j²or Cy — /*(!·>) 

where k — if~y~) Similarly 

/, = /./„ and gt — /..-ζ· 

Hence we have the following theorem. 

THEOREM VIT. — If W, and W
2
 are two fund ions of the same class 

when regarded, as functions of sonic variable z, then they are also 
of the same class when regarded as functions of any function 
of ζ. 

* id. Functions determined by boundary values. — As mentioned 
in the introduction, it is possible to generalize many theorems of the 
analytic function theory so as lo apply to functions of any given class 
in a given region. As an illustration of this application of our theory 
we give a generalization of the well-known theorem concerning the 
determination of a function by means of its values on a given boun-
dary. 

Let w = q(.z) be a non-analytic function of a certain class in a 
region including the closed region R, and consider the function 

F(5) = A(«·), 

where A is analytic. F(s) is then determined by its values on the 
boundary of a closed region IV in the o-plane. If now, the closed 
region IV corresponds uniquely by means of the function w — z>(z), 
to the closed region R in the ^-plane, then the function V(z) is deter-
mined by its values on the boundary of the region IV We are thus led 
to following theorem. 

THEOREM VIII. — If by means of anon-analytic function w — o (V), 

there is a unique correspondence between a closed region R of the 
z-plane and a closed region R' of the w-plane, then there is one and 
only one function F( ") of the class determined by Φ (ζ) which takes 
on given values along the boundary of IV 


